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Abstract:It is argued that fractional order (FO) calculus is more suitable to describe fractal systems. Motivated by the fractal space time theory some fractional generalizations of Scrodinger
and Klein-Gordon equations are given. Fractional order calculus naturally includes nonlocality
which is a known property of quantum systems.
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1 Introduction
It is argued that fractional order (FO) calculus is more suitable to describe complex and fractal systems. Recently fractal space time has been proposed to solve some of the remaining problems in quantum mechanics
and quantum field theory. It assumes that at small scale, space time is fractal. Hence we propose that such
systems should be described by fractional order systems. In sec.2 fractional order calculus is reviewed. In
sec.3 fractional order quantum mechanics is studied. Some conclusions are given in sec.4.

2

Fractional Equations

Caputo’s definition for derivative of order 0 < 𝛼 ≤ 1 is given by
∫𝑡

𝛼

𝐷 𝑓 (𝑡) = (1/Γ(1 − 𝛼))

[𝑑𝑓 (𝑠)/𝑑𝑠]/(𝑡 − 𝑠)𝛼

0

Consider the following evolution equation [1]
𝑑𝑓 (𝑡)/𝑑𝑡 = −𝜆
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∫𝑡

′

′

𝑘(𝑡 − 𝑡 )𝑓 (𝑡 )𝑑𝑡

′

(1)

0
′

′

If the system has no memory then 𝑘(𝑡{− 𝑡 ) = 𝛿(𝑡 − 𝑡 ) and one
gets 𝑓 (𝑡) = 𝑓0 exp(𝜆2 𝑡). If the system
}
′
′
′
has an ideal memory then 𝑘(𝑡 − 𝑡 ) = 1 if 𝑡 ≥ 𝑡 , 0 if 𝑡 < 𝑡 ) hence 𝑓 ≈ 𝑓0 cos 𝜆𝑡. Using Laplace
∫∞
transform 𝐿[𝑓 ] = 𝑓 (𝑡) exp(−𝑠𝑡)𝑑𝑡 one gets 𝐿[𝑓 ] = 1 if there is no memory and 1/𝑠 if there is ideal
0

memory hence the case of non-ideal memory is expected to be given by 𝐿[𝑓 ] = 1/𝑠𝛼 , 0 < 𝛼 < 1. In this
case equation (1) becomes
∫𝑡
′
′
′
𝑑𝑓 (𝑡)/𝑑𝑡 = (𝑡 − 𝑡 )𝑓 (𝑡 )𝑑𝑡 /Γ(𝛼)
(2)
0
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where Γ(𝛼) is the Gamma function. This system has the following solution 𝑓 (𝑡) = 𝑓0 𝐸𝛼+1 (−𝜆2 𝑡𝛼+1 ),
where 𝐸𝛼 (𝑧) is the Mittag Leffler function given by
𝐸𝛼 (𝑧) =

∞
∑

𝑧 𝑘 /Γ(𝑎𝑘 + 1)

𝑘=0

Following a similar procedure to study a random process with memory, one obtains the following fractional evolution equation
∂

𝛼+1

𝑃 (𝑥, 𝑡)/∂𝑡

𝛼+1

=

∞
∑

(−1)𝑛 /𝑛!∂ 𝑛 [𝐾𝑛 (𝑥)𝑃 (𝑥, 𝑡)] /∂𝑥𝑛 ,

0<𝛼<1

(3)

𝑘=0

where P(x,t) is a measure of the probability to find a particle at time t at position x.
We expect that (3) will be relevant to many complex adaptive systems and to systems where fractal structures are relevant since it is argued that there is a relevance between fractals and fractional differentiation
[2,3].
For the case of fractional diffusion equation the results are
𝛼+1
2
∂ 𝛼+1 𝑃 (𝑥, 𝑡)/∂𝑡
𝑡)/∂𝑥2 , P(x,0) = 𝛿(𝑥), ∂𝑃 (𝑥, 0)/∂𝑡 = 0 ⇒
√ 𝛽 = 𝐷∂√𝑃 (𝑥,
𝛽
𝑃 = (1/(2 𝐷𝑡 )𝑀 (∣𝑥∣ / 𝐷𝑡 ; 𝛽), 𝛽 = (𝛼 + 1) / 2
∞
∑
𝑀 (𝑧; 𝛽) =
[(−1)𝑛 𝑧 𝑛 /{𝑛!Γ(−𝛽𝑛 + 1 − 𝛽)}]

(4)

𝑛=0

For the case of no memory 𝛼 = 0 ⇒ 𝑀 (𝑧; 1/2) = exp(−𝑧 2 /4).

3 Proposed fractional equations in quantum systems
When one studies quantum mechanics one feels a sudden change from classical mechanics and old quantum
mechanics on the one hand to modern quantum mechanics (beginning with Schrodinger equation) on the
other side. By this we mean that suddenly we leave the familiar concepts of position, momentum, energy,
etc. . . and we replace them by hermitian operators which eventually gives Schrodinger equation. Can the
latter equation be derived from the familiar Euler-Lagrange equations?. The answer is yes according to
the scale relativity theory [4-7]. According to this theory, both space-time and scale are considered. The
importance of scales is that observations and possibly physical laws depend on the scale (resolution of the
experiment).
Moreover in this theory it is argued that space-time is fractal (continuous but nowhere differentiable).
Accordingly Nottale has shown (among several results) that Schrodinger equation is equivalent to the familiar Euler-Lagrange equations on a fractal. Thus the gap between classical and quantum mechanics have
been removed.
Scale relativity theory has two main assumptions: The first is that one should study scale (Δ) in
addition to space and time (x,y,z,t). The second assumption is that space time , at least in the microscale,
is a fractal in the general sense i.e. it is continuous but not differentiable. The first assumption agrees
with the observation that different theories are used to describe phenomena at different scales e.g. quantum
mechanics is used in the micro-scale while classical mechanics is used in the intermediate ones. Planck’s
time and length play a role for scales similar to light speed in special relativity. The second assumption
implies that any displacement 𝑑𝑋± should be decomposed into left and right which are given by
𝑑𝑋𝑠 =< 𝑑𝑋± > +𝑑𝜁± , < 𝑑𝜁± >= 0, < 𝑑𝜁± , 𝑑𝜁± >∝ (𝑑𝑡)2/𝐷
where 𝐷 is the space time fractal dimension . Applying Ito calculus procedure, it has been shown [4,5] that
Schrodinger equation is equivalent to Euler -Lagrange equation on a fractal.
There is a relation between chaos and the non-differentiability of space time since if a straight line
𝑥 = 0, 𝑦 = 0, 𝑧 = 𝑎𝑡, a constant is perturbed to
𝑥 = 𝜖1 (1 + exp(𝑡/𝜆)), 𝑦 = 𝜖2 (1 + exp(𝑡/𝜆)), 𝑧 = 𝑎𝑡 + 𝜖3 (1 + exp(𝑡/𝜆))
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where 𝜆 is Lyapunov exponent of the system then it is direct to see (by eliminating the time) that dz/dx is not
defined as 𝑥 → 0. This may be related to the existence, in many phenomena, of a horizon of predictability.
Nottale [4,5] has applied the Schrodinger type equation resulting from scale relativity to gravity and
obtained
𝐷2 ▽2 𝜓 + 𝑖𝐷∂𝜓/∂𝑡 + 𝐺𝑀 𝜓/𝑟 = 0
∣𝜓∣2 is a measure for making structures e.g. planets, stars ,galaxies, etc and used it to describe some astrophysical phenomena.
We think that the following points makes scale relativity interesting and deserves further research:
1) The dependence on scale is an observed phenomena.
2) It relates classical and quantum mechanics in a natural way by proving that Schrodinger equation is
equivalent to Euler -Lagrange equation on a fractal.
3) Since earthquakes mostly occur on fractal faults, applying scale relativity to the earthquake phenomena is an interesting application [11].
4) Since it has been found that fractional calculus is more natural to apply on fractals [2,3] generalizing
scale relativity equations to fractional order should be done. It is interesting to know that several attempts
have been done to generalize Schrodinger equation to fractional order as will be seen next section.. According to scale relativity theory, fractals are expected to be a relevant concept in quantum systems. It is known
that the fractional equations (FE) are the natural tools to study fractal systems. Therefore it is relevant to
attempt to use FE to generalize both Schrodinger and Klein-Gordon equations.
In the next section it will be shown that FE are also relevant to systems with memory which typically
are open and dissipative systems and to complex systems [8,9].
Motivated by the previous two sections we propose the following fractional equation to describe quantum systems:
𝑒𝑖𝜋𝛽 ℏ∂ 2𝛽 𝜓/∂𝑡2𝛽 = (ℏ2 /2𝑚)(−Δ)𝛾 𝜓 + 𝑉 𝜓
(5)
where 𝛽 = (1 + 𝛼)/2, 𝛼 is in (4), 𝜓 is the wave function of the system, 𝑉 is the potential and Δ is Laplace
operator.
It is clear that (5) reduces to the familiar Schrodinger equation if (𝛼 → 0, 𝛾 → 1) and is equivalent to
Klein-Gordon equation as (𝛼 → 1, 𝛾 → 1).
Recently [10] the fractional potential well has been solved. It is given by (up to constants) (5) with
potential function 𝑉 (𝑥) = {0 if 0 < 𝑥 < 𝑎, ∞ otherwise}.
Thus using separation of variables one gets
𝜓 = 𝑓 (𝑡) sin(𝑛𝜋𝑥/𝑎), 𝑛 = 1, 2, 3, ⋅ ⋅ ⋅

(6)

It is straightforward to see that 𝑓 (𝑡) = 𝐸2𝛽 (𝜔𝑛 (−𝑖𝑡)2𝛽 ) where 𝐸2𝛽 is Mittag-Leffler function and 𝜔𝑛
are parameters. Using Naber’s formula
{
}
𝐸𝜈 (𝜔(−𝑖𝑡)𝜈 ) = (1/𝜈) exp(−𝑖𝜔 1/𝜈 𝑡) − 𝜈𝐹𝜈 ((−𝑖𝜔)𝜈 , 𝑡)

(7)

where F decays monotonically with time. Thus as time increases the first term in (7) becomes dominant.
Consequently the energy of the nth level is proportional to 𝜖𝑛 ∝ 𝑛2𝛽 . Similar argument leads us to expect
that for the fractional hydrogen atom the energy of the nth level is 𝜖𝑛 ∝ −1/𝑛2𝛽 Thus the fractional approach
affects the energy levels but it preserves quantization.
Another application of fractal space time is to model earthquakes [11,12] since it is known that earthquakes occur on faults which are mostly fractals. Generalizing to fractional models for earthquakes has
already been done [12].
Recently [5] a quantum space time theory has been proposed and was successful in deriving mass spectrum of QED and QCD particles. It also depends on the assumption that at micro scale, space time has a
hierarchical Cantor like fractal structure. Therefore we expect FE to be relevant to this theory. It is also expected that the intrinsic non locality of fractional calculus may explain the entanglement problem in quantum
mechanics.
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Conclusions

Complex systems (CS) are frequent in nature. Mathematical methods can be helpful in understanding them.
Motivated by the properties of CS we concluded that:
i) Fractional order systems are more suitable for describing CS for the following reasons: First they are
more natural in describing fractal systems. Second they are more natural in describing systems with memory
and delay. Third they are more natural in describing non-local systems. This may have an impact on the
entanglement problem in quantum mechanics.
ii) Motivated by the theory of fractal space time, fractional order generalization for Schrodinger equations are presented.
iii) Fractional order automatically include nonlocality which is a known property of quantum systems.
It is interesting that the bright idea of Nottale, Ord and El-Naschie namely fractal space time offers a
unifying scheme for such diverse fields as quantum mechanics, earthquakes and fractional order equations.
Also it is interesting to see the wide range of applications of nonlinear systems e.g. algebra [13], game
theory [14], economics [15] an addition to physics [16].
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