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Abstract: This paper studies the property of the solution near the travelling wave Q of the second-order
Camassa-Holm equation in the space H2. The solution near the travelling wave is decomposed into λ

1
2 (t)u(x+

x(t)) = Q(x) + ε(t, x) by pseudo-conformal transformation. It is demonstrated that ε can be controlled by
a fast-decaying exponential function when the initial value of ε is controlled by a fast-decaying exponential
function. The solution of the second-order Camassa-Holm equation is equivalent to the travelling wave Q
(up to scaling and translation) is proved when the solution exists globally.
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1 Introduction
In [1–3], Merle and Martel studied the Cauchy problem of the critical generalized KdV equation in the space L2:{

ut + (uxx + u5)x = 0, (t, x) ∈ [0, T )×R,

u(0, x) = u0(x), x ∈ R.
(1)

Let Q* be the travelling wave of the KdV equation, λ0 be the scaling invariant and x0 be the translation invariant.
Assuming that there exists a sequence un of solutions which satisfies H1 bound, L2 compact and |un(0) − Q∗|H1 →
0, n → +∞, Martel and Merle proved that

u(t, x) = λ
1
2
0 Q∗(λ0(x− x(x0))− λ3

0t).

On the other hand, in 2003, Constantin and Kolev [4] studied the infinite-dimensional Lie group of all smooth
orientation-preserving diffeomorphisms of the circle with a Riemannian structure, they obtained a geodesic equation:

ut = A−1
K Ck(u)− uux, k ∈ N, (2)

where
u = u(t, x), (t, x) ∈ R+ ×R,

Ak(u) =
k∑

j=0

(−1)j∂2j
x u,

and
Ck(u) = −uAk(ux) +Ak(uux)− 2uxAk(u).
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We denote the convolution by *. The operator A−1
k is given by the following convolution form:

A−1
k (f)(x) = Pk ∗ f =

∫
R

Pk(x− y) ∗ f(y)dy, x ∈ R.

P̂k is the Fourier transform of Pk:

P̂k =
1

1 + ξ2 + · · ·+ ξ2k
, ∀ξ ∈ R.

When k ≥ 2, equation (2) is the higher-order Camassa-Holm equation. When k = 2, equation (2) is the second-order
Camassa-Holm equation:

ut − utxx + utxxxx = 2uxuxx − 3uux + uuxxx − 2uxuxxxx − uuxxxxx, t > 0, x ∈ R. (3)

Equivalently, equation (3) can be rewritten as the following form:

ut = P2 ∗ (2uxuxx − 3uux + uuxxx − 2uxuxxxx − uuxxxxx), (4)

where P2(x) =
√
3
3 e−

√
3

2 |x| sin( |x|2 + π
6 ), x ∈ R.

In 2011, Tian, Zhang and Xia [5] proved that if u0 ∈ Hs(R), s > 9
2 , the strong solution of equation (3) exists globally.

They also obtained a conservation law of the second-order Camassa-Holm equation:∫
R

u2(t, x) + u2
x(t, x) + u2

xx(t, x)dx =

∫
R

u2
0(x) + u0

2
x(x) + u0

2
xx(x)dx. (5)

In 2017, Ding [6] studied the travelling wave solutions of the higher-order Camassa-Holm equation. By the travelling
wave transformation u(t, x) = Q(x− ct), the travelling wave solution of the second-order Camassa-Holm equation is as
follows:

QA(x− ct) =


Ae−

√
3

2 (x−ct)

(
cos

x− ct

2
+
√
3 sin

x− ct

2

)
, x ≥ ct,

Ae
√

3
2 (x−ct)

(
cos

x− ct

2
−
√
3 sin

x− ct

2

)
, x < ct,

(6)

where A > 0 is the amplitude, c > 0 is the velocity and A is related to c.
There are also many papers about higher-order Camassa-Holm equation, such as [7–9].
In contrast to KdV equation, because of the loss of regularity of soliton, the methods of a series of works from Merle

and Martel aren’t available to the Camassa-Holm equation. In 2018, Molinet [10] proved a Liouville property for uniformly
almost localized H1-global solutions of the Camassa-Holm equation with a momentum density that is a non-negative finite
measure. It should be noticed that the travelling wave of the second-order Camassa-Holm equation belongs to space H3,
but the soliton of the Camassa-Holm equation belongs to space H1. Inspired by a series of works from Merle and Martel
in [1–3] and Molinet’s research in [10], we study the property of the solution of the second-order Camassa-Holm equation.
The Cauchy problem of the second-order Camassa-Holm equation is as follows:{

ut − utxx + utxxxx = 2uxuxx − 3uux + uuxxx − 2uxuxxxx − uuxxxxx, t > 0, x ∈ (−∞, 0) ∪ (0,+∞),

u(0, x) = u0(x).
(7)

By pseudo-conformal transformation, we decompose the solution of the second-order Camassa-Holm equation near
the travelling wave Q into

λ
1
2 (t)u(t, x+ x(t)) = Q+ ε(t, x).

Let a2 = supt≥0 ∥ε∥H2 and let α be a positive constant. We define a neighborhood with Q as the center and α as the
radius:

Uα = {u ∈ H2(R); inf
r∈R

∥u(·)−Q(·+ r)∥H2 ≤ α}.

Let λ(t) be the scaling invariant and x(t) be the translation invariant, then the solution of equation (3) satisfies the
following invariances:
(a) Translation invariance: if u(t, x) is a solution of equation (3), then u(t, x+ x(t)) is also a solution of equation (3);
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(b) Scaling invariance: if u(t, x) is a solution of equation (3), then λ
1
2 (t)u(λ

1
2 (t)t, x) is also a solution of equation (3).

From the proposition 3.1 in [11], there exist scaling invariant λ′(t) and translation invariant x′(t), such that

(ε(t, x),Qx) = (ε(t, x)),Qxx) = 0.

We define that the λ(t) and x(t) in the following paper are geometric parameters that satisfy the above orthogonality.
We have the following result:

Theorem 1 Suppose
u0 ∈ Uα0 = {u ∈ H2(R); inf

r∈R
∥u(·)−Q(·+ r)∥H2 ≤ α0},

and assume that there exists a constant C1 > 0, such that

∥u0∥H2 ≥ C1.

Let ε0 = u0 −Q, which satisfies

|ε0| ≤ e−
√

3
2 |x|, x ≥ 0.

If the solution of the Cauchy problem (7) exists globally in the space H2, there exist scaling invariant λ0(t) ∈ C1 and
translation invariant x0(t) ∈ C1, such that

u(t, x) = λ
− 1

2
0 (t)Q (x− x0(t)) .

2 Properties of ε
For convenience, we take A = 1 and denote ζ = x− ct in (6), so

Q = Q1 = 2e−
√

3
2 |ζ| sin(

|ζ|
2

+
π

6
),

and

Qζζζ =

{
4
√
3e−

√
3

2 ζ cos( ζ2 + π
6 ), ζ ≥ 0

−4
√
3e

√
3

2 ζ cos( ζ2 − π
6 ), ζ < 0

,

where the third order derivative of Q is not continuous at the point ζ = 0.

Property 2 (O1)Boundedness of λ: Suppose that there exists a constant C1 > 0, such that

∥u0∥H2 ≥ C1.

There exist λ1, λ2 > 0, such that
∀t ≥ 0, λ1 ≤ λ(t) ≤ λ2.

(O2)[11]Uniform boundedness of ∥ε∥H2 : If ∥u0 −Q∥H2 ≤ α0, there exists a constant C3 > 0, such that

∥ε∥H2 ≤ C3α0.

Proof. (O1) Due to C1 ≤ ∥u0∥H2 and the conservation law:∫
R

u2 + u2
y + u2

yydy =

∫
R

u2
0 + u0

2
y + u0

2
yydy,

one gets
C1 ≤ ∥u∥H2 .

Since ∥u0 −Q∥H2 ≤ α0, we have
∥u0∥H2 ≤ ∥Q∥H2 + α0.

IJNS email for contribution: editor@nonlinearscience.org.uk



D. Ding, X. Liu: A property of the solution near the travelling wave of the second-order Camassa-Holm equation 101

Therefore,
C1 ≤ ∥u∥H2 ≤ C2, (8)

where C2 = ∥Q∥H2 + α0 = α+ (2
√
3)

1
2 .

Since λ
1
2 (t)u(λ

1
2 (t)t, y) is a solution of equation (4), one gets

C1 ≤ ∥λ 1
2 (t)u(λ

1
2 (t)t, y)∥H2 ≤ C2. (9)

So there exist λ1, λ2 > 0, such that
∀t ≥ 0, λ1 ≤ λ(t) ≤ λ2.

(O2) It is detailed in Lemma 4.3 in [11].
To derive the governing equation of ε:

Setting
v(t, y) = λ

1
2 (t)u(t, y + x(t)), (10)

one gets
ε(t, y) = v(t, y)−Q(y) = λ

1
2 (t)u(t, y + x(t))−Q(y). (11)

We have
vt =

1

2
λ− 1

2λtu+ λ
1
2ut + λ

1
2xtuy, (12)

vy = λ
1
2uy, (13)

and
vyy = λ

1
2uyy. (14)

Applying (12)-(14) to equation (4), one has

λ
1
2 vt −

1

2
λ− 1

2λtv − λ
1
2xtvy = P2 ∗ (2vyvyyy − 3vvy − 2vyvyyyy − vvyyyyy + vvyyy). (15)

Setting

s =

∫ t

0

dt′

λ
1
2 (t′)

or equivalently
ds

dt
=

1

λ
1
2 (t)

, (16)

one has
vs =

1

2

λs

λ
v + xsvy + P2 ∗ (2vyvyyy − 3vvy − 2vyvyyyy − vvyyyyy + vvyyy). (17)

Thus, we obtain

vs =
1

2

λs

λ
v + xsvy − P2 ∗ (3vvy − vyvyy) + P2y ∗ (

3

2
v2yy − vvyy)− P2yy ∗ (vyvyy)− P2yyy ∗ (vvyy − vyvyy).

(18)
Applying v(s, y) = Q(y) + ε(s, y) to (18), we obtain

εs − xsεy =
1

2

λs

λ
ε+

1

2

λs

λ
Q+ xsQy +G(ε), (19)

where

G(ε) =

[
−P2 ∗ (3QQy −QyQyy) + P2y ∗ (

3

2
Q2

yy −QQyy)− P2yy ∗ (QyQyy)− P2yyy ∗ (QQyy −QyQyy)

]
+

[
−P2 ∗ (3Qεy −Qyεyy) + P2y ∗ (

3

2
Qyyεyy −Qεyy)− P2yy ∗ (Qyεyy)− P2yyy ∗ (Qεyy −Qyεyy)

]
+

[
−P2 ∗ (3εQy − εyQyy) + P2y ∗ (

3

2
εyyQyy − εQyy)− P2yy ∗ (εyQyy)− P2yyy ∗ (εQyy − εyQyy)

]
+

[
−P2 ∗ (3εεy − εyεyy) + P2y ∗ (

3

2
ε2yy − εεyy)− P2yy ∗ (εyεyy)− P2yyy ∗ (εεyy − εyεyy)

]
.

(20)
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Lemma 3 There exists constants C5 > 0 and τ0 > 0, such that |G(ε)| ≤ C5(a2 + 1)e−
√

3
2 τ0|y|, y ∈ R.

Proof. For convenience, we divide G(ε) into two parts: G1(ε) and G2(ε), where

G1(ε) =

[
−P2 ∗ (3QQy −QyQyy) + P2y ∗ (

3

2
Q2

yy −QQyy)− P2yy ∗ (QyQyy)− P2yyy ∗ (QQyy −QyQyy)

]
+

[
−P2 ∗ (3Qεy −Qyεyy) + P2y ∗ (

3

2
Qyyεyy −Qεyy)− P2yy ∗ (Qyεyy)− P2yyy ∗ (Qεyy −Qyεyy)

]
+

[
−P2 ∗ (3εQy − εyQyy) + P2y ∗ (

3

2
εyyQyy − εQyy)− P2yy ∗ (εyQyy)− P2yyy ∗ (εQyy − εyQyy)

]
,

and
G2(ε) = −P2 ∗ (3εεy − εyεyy) + P2y ∗ (

3

2
ε2yy − εεyy)− P2yy ∗ (εyεyy)− P2yyy ∗ (εεyy − εyεyy).

To estimate G1(ε):
Letting

F (y) +

∣∣∣∣ [−(3QQy −QyQyy) + (
3

2
Q2

yy −QQyy)− (QyQyy)− (QQyy −QyQyy)

]
+

[
−(3Qεy −Qyεyy) + (

3

2
Qyyεyy −Qεyy)− (Qyεyy)− (Qεyy −Qyεyy)

]
+

[
−(3εQy − εyQyy) + (

3

2
εyyQyy − εQyy)− (εyQyy)− (εQyy − εyQyy)

]∣∣∣∣ ,
we have

|G1(ε)| ≤ 2e−
√

3
2 |y| ∗ F (y) = 2

∫
|y|≤|τ |

e−
√

3
2 |y−τ | ∗ F (τ)dτ + 2

∫
|y|>|τ |

e−
√

3
2 |y−τ | ∗ F (τ)dτ.

Case I: When |y| ≤ |τ |, there exists a constant τ1 > 0, such that |τ | = (1 + τ1)|y|. we have τ = (1 + τ1)y or
τ = −(1 + τ1)y.
If τ = (1 + τ1)y, then∫

|y|≤|τ |
e−

√
3

2 |y−τ | · F (τ)dτ =

∫
|y|≤|τ |

e−
√

3
2 |y−(1+τ1)y| · F (τ)dτ = e−

√
3

2 τ1|y|
∫
|y|≤|τ |

F (τ)dτ.

If τ = −(1 + τ1)y,∫
|y|≤|τ |

e−
√

3
2 |y−τ | · F (τ)dτ =

∫
|y|≤|τ |

e−
√

3
2 |y+(1+τ1)y| · F (τ)dτ = e−

√
3

2 (2+τ1)|y|
∫
|y|≤|τ |

F (τ)dτ.

Therefore, ∫
|y|≤|τ |

e−
√

3
2 |y−τ | · F (τ)dτ ≤ e−

√
3

2 τ1|y|
∫
|y|≤|τ |

F (τ)dτ.

Case II: When |y| > |τ |, there exists a constant τ2 > 0, such that |τ | = (1− τ2)|y|.
From triangle inequality, we know∫

|y|>|τ |
e−

√
3

2 |y−τ | · F (τ)dτ ≤
∫
|y|>|τ |

e−
√

3
2 (|y|−|τ |) · F (τ)dτ = e−

√
3

2 τ2|y|
∫
|y|>|τ |

F (τ)dτ. (21)

Combining case I and case II, we obtain

|G1(ε)| ≤ 2e−
√

3
2 τ1|y|

∫
|y|≤|τ |

F (τ)dτ + 2e−
√

3
2 τ2|y|

∫
|y|>|τ |

F (τ)dτ

≤ 2(e−
√

3
2 τ1|y| + e−

√
3

2 τ2|y|)

∫
R

F (τ)dτ

≤ 2[9
√
3 + (2

√
3)

1
2 ]e−

√
3

2 τ0|y|(5∥ε∥L2 + 4∥ε∥H1 + 5∥ε∥H2 + 1)

≤ 28[9
√
3 + (2

√
3)

1
2 ](a2 + 1)e−

√
3

2 τ0|y|

≤ C4(a2 + 1)e−
√

3
2 τ0|y|,

(22)
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where τ0 = min{τ1, τ2} and C4 = 28[9
√
3 + (2

√
3)

1
2 ].

To estimate G2(ε):

|G2(ε)| =
∣∣∣∣−P2 ∗ (3εεy − εyεyy) + P2y ∗ (

3

2
ε2yy − εεyy)− P2yy ∗ (εyεyy)− P2yyy ∗ (εεyy − εyεyy)

∣∣∣∣
≤ 2e−

√
3

2 |y| ∗
∣∣∣∣−(3εεy − εyεyy) + (

3

2
ε2yy − εεyy)− (εyεyy)− (εεyy − εyεyy)

∣∣∣∣ .
Letting R(y) =

∣∣−(3εεy − εyεyy) + ( 32ε
2
yy − εεyy)− (εyεyy)− (εεyy − εyεyy)

∣∣ , one obtains

|G2(ε)| ≤ 2e−
√

3
2 |y| ∗R(y) = 2

∫
|y|≤|τ |

e−
√

3
2 |y−τ | ∗R(τ)dτ + 2

∫
|y|>|τ |

Ce−
√

3
2 |y−τ | ∗R(τ)dτ.

Similar to |G1(ε)|, it is clear that

|G2(ε)| ≤ 2(e−
√

3
2 τ1|y| + e−

√
3

2 τ2|y|)

∫
R(τ)

≤ 2e−
√

3
2 τ0|y|(

3

2
∥ε∥2H2 + 3∥ε∥L2∥ε∥H1 + 2∥ε∥L2∥ε∥H2)

≤ 13a2e
−

√
3

2 τ0|y|.

(23)

In summary, |G(ε)| ≤ C5(a2 + 1)e−
√

3
2 τ0|y|, where C5 = C4 + 13.

The proof is completed.

3 Estimate of ε
Lemma 4 Let ε0(y) = ε(0, y). If |ε0(y)| < e−

√
3

2 |y|, there exist C10 > 0 and τ ′ > 0, such that

|ε(s, y)| ≤ C10(a2 + 1)e−
√

3
2 τ ′y(1 + e−

√
3

4 sτ ′
), ∀y > 0.

Proof. Equation (19) can be rewritten as

εs − xsεy =
1

2

λs

λ
ε+ f1 + f2, (24)

where f1 = 1
2
λs

λ Q+ xsQy and f2 = G(ε).

To remove the term 1
2
λs

λ ε in equation (24), we introduce the following transformation:

η(s, y) = λ− 1
2 (s)ε(s, y), s ≥ 0. (25)

Therefore, equation (24) can be rewritten as
ηs − xsηy = g1 + g2, (26)

where
g1 =

1

2

λs

λ
Q+ xsQy,

and

g2 =

[
−P2 ∗ (3QQy −QyQyy) + P2y ∗ (

3

2
Q2

yy −QQyy)− P2yy ∗ (QyQyy)− P2yyy ∗ (QQyy −QyQyy)

]
+ λ

1
2

[
−P2 ∗ (3Qεy −Qyεyy) + P2y ∗ (

3

2
Qyyεyy −Qεyy)− P2yy ∗ (Qyεyy)− P2yyy ∗ (Qεyy −Qyεyy)

]
+ λ

1
2

[
−P2 ∗ (3εQy − εyQyy) + P2y ∗ (

3

2
εyyQyy − εQyy)− P2yy ∗ (εyQyy)− P2yyy ∗ (εQyy − εyQyy)

]
+ λ

[
−P2 ∗ (3εεy − εyεyy) + P2y ∗ (

3

2
ε2yy − εεyy)− P2yy ∗ (εyεyy)− P2yyy ∗ (εεyy − εyεyy)

]
.

IJNS homepage: http://www.nonlinearscience.org.uk/



104 International Journal of NonlinearScience,Vol.31(2021),No.2/3,pp. 98-106

Let
η(s, y) = η(s, y + x(s)), s ≥ 0, (27)

then equation (26) can be rewritten as
ηs = g1 + g2, (28)

where
g1 =

1

2

λs

λ
Q+ xsQy,

and

g2 =

[
−P2 ∗ (3QQy −QyQyy) + P2y ∗ (

3

2
Q2

yy −QQyy)− P2yy ∗ (QyQyy)− P2yyy ∗ (QQyy −QyQyy)

]
+ λ

1
2

[
−P2 ∗ (3Qηy −Qyηyy) + P2y ∗ (

3

2
Qyyηyy −Qεyy)− P2yy ∗ (Qyηyy)− P2yyy ∗ (Qηyy −Qyηyy)

]
+ λ

1
2

[
−P2 ∗ (3ηQy − ηyQyy) + P2y ∗ (

3

2
ηyyQyy − ηQyy)− P2yy ∗ (ηyQyy)− P2yyy ∗ (ηQyy − ηyQyy)

]
+ λ

[
−P2 ∗ (3ηηy − ηyηyy) + P2y ∗ (

3

2
η2yy − ηηyy)− P2yy ∗ (ηyηyy)− P2yyy ∗ (ηηyy − ηyηyy)

]
.

Due to (5.6) in [11], one obtains |xs − 1| ≤ C6α, more precisely

−C6α+ 1 ≤ xs ≤ C6α+ 1.

Let α ≤ 1
2C6

, then xs ≥ 1
2 . By integration, we have x(s) ≥ 1

2s, s ≥ 0.
Furthermore, one gets

Q = Q(y + x(s)) ≤ e−
√

3
2 |y+x(s)| ≤ e−

√
3

2 (y+ 1
2 s), y > 0. (29)

From (5.6) in [11] and (29), one obtains

|g1| = |1
2

λs

λ
Q+ xsQy| ≤ 2C6(a2 + 1)e−

√
3

2 (y+ 1
2 s). (30)

For convenience, we divide g2 into two parts: g21 and g22, where

g21 =

[
−P2 ∗ (3QQy −QyQyy) + P2y ∗ (

3

2
Q2

yy −QQyy)− P2yy ∗ (QyQyy)− P2yyy ∗ (QQyy −QyQyy)

]
+ λ

1
2

[
−P2 ∗ (3Qηy −Qyηyy) + P2y ∗ (

3

2
Qyyηyy −Qηyy)− P2yy ∗ (Qyηyy)− P2yyy ∗ (Qηyy −Qyηyy)

]
+ λ

1
2

[
−P2 ∗ (3ηQy − ηyQyy) + P2y ∗ (

3

2
ηyyQyy − ηQyy)− P2yy ∗ (ηyQyy)− P2yyy ∗ (ηQyy − ηyQyy)

]
,

and

g22 = λ

[
−P2 ∗ (3ηηy − ηyηyy) + P2y ∗ (

3

2
η2yy − ηηyy)− P2yy ∗ (ηyηyy)− P2yyy ∗ (ηηyy − ηyηyy)

]
.

Similar to |G1(ε)|, one obtains

|g21| ≤ 2[9
√
3λ2

1
2 + (2

√
3)

1
2 ]e−

√
3

2 τ0|y|(5∥η∥L2 + 4∥η∥H1 + 5∥η∥H2 + 1)

≤ C7(a2 + 1)e−
√

3
2 τ0(y+

1
2 t),

(31)

and
|g22| ≤ 2λ2e

−
√

3
2 τ0|y|(

3

2
∥η∥2H2 + 3∥η∥L2∥η∥H1 + 2∥η∥L2∥η∥H2)

≤ C8a2e
−

√
3

2 τ0(y+
1
2 s),

(32)
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where τ0 = min{τ1, τ2}, C7 = max{28[9
√
3λ

1
2
2 + (2

√
3)

1
2 ]λ

− 1
2

1 , 28[9
√
3λ

1
2
2 + (2

√
3)

1
2 ]} and C8 = 13λ2λ

−1
1 .

We obtain |g2| ≤ |g21|+ |g22| ≤ C9(a2 + 1)e−
√

3
2 τ0(y+

1
2 s), where C9 = max{2C7, 2C8}.

Hence
|(η)s| = |g1|+ |g2| ≤ (C9 + 2C6)(a2 + 1)e−

√
3

2 τ ′(y+ 1
2 s), (33)

where τ ′ = min{τ0, 1}.
By integration, we get

|η(s, y)| ≤ (C9 + 2C6)
2√
3τ ′

(a2 + 1)e−
√

3
2 τ ′(y+ 1

2 s) + |η(0)|. (34)

Due to (25) and (27), one has η(s, y) = λ− 1
2 (s)ε(s, y − x(s)).

Therefore,

|ε(s, y)| ≤ (C9 + 2C6)
2√
3τ ′

(a2 + 1)e−
√

3
2 τ ′(y+ 1

2 s) + λ
− 1

2
2 |ε0|.

Since |ε0| ≤ e−
√

3
2 y, y > 0, we get

|ε(s, y)| ≤ C10(a2 + 1)e−
√

3
2 τ ′y(1 + e−

√
3

4 sτ ′
),

where C10 = (C9 + 2C6)
2√
3τ ′

+ λ
− 1

2
2 .

The proof is completed.

4 A property of the solution of the second-order Camassa-Holm equation
To prove theorem 1:
Proof. Assume that ε(s, y) ̸≡ 0. According to the continuity of ε(s, y), there exists a sequence εn(s, y) = ε(sn, yn) of
solutions of equation (19), such that |εn| > 0.
Therefore, it is clear that

εns − xnsεny =
1

2

λns

λn
εn +

1

2

λns

λn
Q+ xnsQy +G(εn). (35)

Letting yn → +∞ and combining lemma 3, lemma 4 and decay property of Q and Qy , one gets

εns − xnsεny = 0. (36)

Since
a2n = sup

s≥0
∥εn∥H2 ,

there exists s0 ≥ 0, such that ∥εn(s0)∥H2 ≥ a2n

2 .
Setting

ωn(s, y) =
εn(s+ s0, y)

a2n
,

One gets
ωns − xnsωny = 0. (37)

Due to

∥ωn(0)∥H2 = ∥εn(s0)
a2n

∥H2 ≥ 1

2
, (38)

one has
ωn(s) ̸≡ 0.

On the other hand, since the characteristic line equation of equation (37) is
ds
dµ = 1, dy

dµ = −xns
dωns

dµ = 0,
dωny

dµ = 0
dωn

dµ = 0

,
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one gets ωn ≡ C, where C is a constant.
Due to (εn,Qy) = (εn,Qyy) = 0, we obtain (ωn,Qy) = (ωn,Qyy) = 0. It follows that

C

∫
R

Qydy = C

∫
R

Qyydy = 0,

where

Q = e−
√

3
2 |y|√3 sin (

|y|
2

+
π

6
).

Due to
∫
R
Qyydy ̸= 0, we have

ωn ≡ C ≡ 0. (39)

However, (39) is contradicted to ωn(s) ̸≡ 0. So we have ε ≡ 0, and conclude that there exist λ0(t) and x0(t) ∈ C1, such
that

u(t, y) = λ
− 1

2
0 (t)Q (y + x0(t)) .

The proof is completed.
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