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Abstract: Let ;1 be a random self-conformal measure on R? associated with a family of contractive conformal
mappings {S;}, and a probability vector (p;)¥.;. When {S,;}, satisfies the strong open set condition,
we determine the quantization dimension D, (¢) and show that it coincides with the unique solution of the
Bowen equation.
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1 Introduction

The quantization problem originates in the theory of signal processing and data compression. It was used by electrical
engineers starting in the late 40’s. The notion of quantization dimension was first introduced by Zador (see [9]). Mathe-
matically, the main idea is to approximate a given probability measure by discrete probability measures with finite support.
One can refer to Graf and Luschgy (see [6]) for details. Much of the previous work is based in L, metrics 0 < r < 0o
as a measure of the quantization error(see [2—4, 6, 7, 9]). Recently Zhu (see [12]) investigates the quantization dimension
with respect to the geometric error (r — 0) for self-conformal measures. In this paper we determine the quantization
dimension for random self-conformal measures in case r = co.

Let U C R? be a connected and open subset. For 0 < v < 1, denote by C’on(1)+7(U ) the family of conformal
diffeomorphisms S : U — S(U) for which there exists a constant C's such that

1S"(z) — S (y)| < Cslz —y|

for all 2,y € U, where S’ () is the differential of S at -, and | S’ ()| is the operator norm of the differential.

Let N > 2 be a positive integer, we are given N conformal diffeomorphisms S; : U — S;(U), foralli = 1,..., N.
Consider the product space 2y = (Cong ™7 (U))N x [0, 1]V, which is a separable metrical space with the Borel o-algebra
So-

By Patzschke (see [8]), a probability measure Py on (Q, o) is @ random conformal function system if
i) there exists a compact connected subset K C U with K = intK such that S;(int/) C intK and S;(U) N S;(U) = 0
fori,j=1,--- N,i# j,

ii) there exist constants Cy > 0, 0 < min < rmax < 1 and 0 < pmin < Pmax < 1 such that Cg, < Co, rmin < |Sl ()] <
Tmax aNd Pmin < P; < Pmax foralli = 1,--- | N and Py-almost all (Sy,--- , Sn;p1,- -+ ,pN), and

N
i) [ > piPo(d(S1,-++ ,Snip1, -+ ,pN)) = L.
=1

For the random variable (S1, - ,SN;p1, -+ ,pN), @ unique compact random set £ C U is called a random self-

N

conformal set associated to Py if Eg U S;E;, where the E;, i = 1,--- , N, are independent copies of F and independent
i=1

of (S1,--,SN;p1, - ,pn). In analogy a random measure p with supp(p) = FE is called a random self-conformal

N
. ood _ . . .
measure associated to Pg if u=> p;p; 0 .S; ! where the y1;,7 = 1,- - - , N, are independent samples of 1 and independent
i=1
of (S1,--+,SN;p1, - ,pN). We say they are random self-similar sets and measures when S; are similarities.
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Throughout 5 is assume to be locally finite in the sense that the number of points of « within any bounded subset of
R is finite. The Vornoi region generated by a € « is defined by

W(ala) = {x € R?: ||z —a| = rbréin |l — b}

The Vornoi regions W (a|a) are closed and star-shaped relative to a and the Voronoi diagram {W (a|a) : a € a} of
provides a covering of R%. A Borel measurable partition {4, : a € a} of R is called Vornoi partition with respect to o if

A, C W(ala) for every a € a.

Following the work of Graf and Luschgy (see [6]), we define the quantization dimension as following. Let u be a
random measure on R%. For g: R? — R is Borel measurable, define

9ll.00 = lgllec = inf{c >0: ]| <c, p—as.},

and
en.oo(pt) = inf{||da o : @ C R% 1 < card(a) < n},
where d,,(z) = d(z,a) = inf ||z — a||, |[dallec = sup dq(2).
ago wEsupp(ys)
Note that if supp(u) is compact, then e, (1) < co. It follows from the continuity of d, that ||dy||c = sup du(z)
xEsupp(p)
and hence

enco(pt) =inf{ sup minl|z —al:aCRY1 < card(a) < n}.
asupp(p) €4

So if we define for a nonempty compact set A C R,

en.oo(A) = inf{maxmin ||z — a| : « C R% 1 < card(a) < n}
’ TEA aca

then €, o (1) = €n 00 (A) for every probability measure ;1 with supp() = A. If the infimum is attained at some v C R?
with 1 < card(a) < n, then the set « is called an n-optimal set for p of order co. The collection of all the n-optimal sets
is denoted by C,,, o (A).

The upper and lower quantization dimension D (1), D (i) of u are defined as

logn logn

Do () = limsup ———————, D () :=liminf —————
(M) n~>ocp - 1Og en,oo(/’[’) o (M) noee = log en,oo(/f")

with probability one. If D (u) = D (1), the common value is called the quantization dimension of 1 and denoted by
Do ().

Proposition 1 (Cf. Proposition 11.3. in [6]) If 0 <t < D__(u) < s, then

lim ne!, (1) = +oo and liminfne’ (u) = 0.
n—00 ’ n—o00 ’

Similar statements hold for the upper quantization dimension.

If the strong separation condition (SSC) holds, i.e., if there is an open set O satisfying S;(O) C U for all ¢ and
H;m inf{d(S;(z),S;(y)) : x,y € O} > 0. Graf and Luschgy (see [6]) proved that the quantization dimension (of
i#]

order o) for a self-similar measure on R¢ coincides with the similarity dimension of {S;} X, under the SSC. We say that
Py (orP) satisfies the strong open set condition (SOSC), if there is an open set O with
() S;(O) Cc Oforalli =1, ..., N with probability one,
(i) S;(0) N'S;(0) = O forall i # j,i,7 = 1,..., N with probability one, and
(iii) £ N O # ) with probability one.
In this paper, we will extend their result to random self-conformal measures. That is,

Theorem 2 Let p be the random self-conformal measure associated with (S1,--- ,Sn;p1, -+ ,pN). Suppose that the
SOSC is satisfied, then the quantization dimension D (1) exists and equals the unique solution D of Bowen equation

P(D) = 0.
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2 Definitions and notations

Let ¥ = {1, - N }N be the set of infinite sequences of integers from 1 to N, consider the shift operator 7" : ¥ — X,
defined by T'(0) = 0203+ for o = o10903 -+ € X. Denote by ¥,, = {1,---, N}" the set of sequences of length n

o0

and by X, = |J X, the set of all sequences of finite length including (). For 7 € X,,, denote by |7| = n the length of the
n=0
sequence. If 7 € ¥, and 0 € ¥, U X let Ao = 7 x o be the sequence consisting of the concatenation of both sequences.

The truncation of a sequence to the first k entries is denoted by 0|, = 01 - - - 0, where o € Y or o € 3, withn > k, and
07 = 0|p—1 = 01---0k_1. We call 7 a predecessor of o and write 7 < o for 7 € ¥, ando € X, |JX if o) = 7. We
say o, T are incomparable if neither 7 < o nor o < 7. Further, let [0] = {7 € ¥ : ¢ < 7} be the cylinder set of sequences
starting with o, 0 € X,.

Next let 2 = QOE*, § be the product o-algebra on 2, and P be the product measure on {2 with Py on each component,
we say that P is a random conformal iterated function system. Thus we get the primary probability space (€2, §,P). This
space assigns to each finite 7 € X, a random variable (S;.1, ..., Sr«N; Pral, -, PrenN)- Write the elements w € (2 in the
form

LU(T) = (ST*17 ey ST*N§pT*17 ~-~7p‘r*N)

for 7 € X,. Define

ST:SThO"'OSThTw ﬁ‘r:p‘r\l"'p'rh.,.‘

and Sy = id, py = 1 for 7 € X,
We say the 11 and E are random self-conformal sets and measures when \S; are conformal. The similarity dimension
for this collection {S;}¥ | is defined as the unique positive solution s of the equation

N
> ELip(S;)* = 1.
i=1

In this paper the role of similarity dimension is played by the unique solution s of the Bowen equation P(D) = 0, where
the pressure P(t) defined by

1 7
P(t) = lim —logsup Z E|S, ()],

n—o0o N,
meETEEn

for ¢ > 0. It is immediate that the Hausdorff measure H” (E) < co.
A useful tool for the investigation of the random fractal is the notion of a finite maximal Markov antichain. We call a
finite random subset I'(w) C X, a finite maximal Markov antichain if
(i) every distinct words in I'(w) are incomparable,
(ii) every 7 € X has a predecessor in I'(w), and
(i) {w € Q: 7 € T(w)} € ) forall T € X,.

N
If (g1, -+ ,qn) is an N-tuples random numbers with E > ¢; = 1 and I'(w) is a finite maximal Markov antichain then
i=1
E Y w=1 (1)
o€l (w)
If0 <e <min{q, - ,qn} then

Ie)={ceX,:q- >e>q}

is a finite maximal Markov antichain. ,
For every 7 € X, write ||S.|| := sup {|S.(z)| : « € E}. As the same proof as Lemma 2.1 in [8], we have there is a
constant C' > 1 such that

IS (x)] < C|S, (y)], for allz,y € Eand allT € %, )
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with probability one. This implies that
CYS. || <|S.(x)] <|IS,||, forallzc Eand allT € %, (3)

with probability one. By [8], Lemma 2.2, there is a constant C > ( such that

YIS ||d(z,y) < d(S,(z),5-(y)) < C||S.||d(z,y) forall z,y € K and all 7 € %, )

with probability one. And by [8], Corollary 2.3, we have for 7 € X,
CTHIS K] < | K| < O[S IK] (5)

with probability one, where K, := S, (K).

3 Proof of main result

In this section, we will prove Theorem 2. First we need some lemmas as following.
Lemma 3 Let A C R? be a nonempty compact set and let S : R® — R? be a conformal mapping, then
CHS len,0o(A) < noo (S(4)) < TS len,co(A)
with probability one.
Proof. This is obvious by the definition of e,, . (A) and (5). m
Lemma 4 Let I be a finite maximal Markov antichain. Then for all n > |T'|,
oo (1) < min { max OIS, llen, o) i 1 = 1,3 my <}
oel
with probability one.
Proof. Forn, > 1with Y n, < n,leta, € Cp, »(S,(E))andleta = |J a,. Then|a| < n. Since supp(uoS; 1) =

ocel oel
S, (F) , by Lemma 6, we have

= < 1 _
.00 (1) = €00 (E) < macmin [ — af

=max max minljz —al < max max min ||z — al
o€l z€S,(F) acx o€l ze€S,(F) acas

= < oIS
Igggeng,oo(Sa(E)) = rglgli(cnsa”enU,OO(E)

= max C[|S [len, o0 (1)
with probability one. The lemma is proved. m
Hence we obtain the following theorem.

Theorem 5 Let D be a the unique solution of the Bowen equation P(D) = 0. Then

lim sup ne,, o0 (1) ” < 400,
n—oo

in particular, the upper quantization dimension D (1) of i is less than or equal to D.
Proof. Let ¢, = ||S,||” and ¢g = min{qy,--- ,qn}. Let m,n € N be arbitrary with m < g2 Sete = ey '™ and

I'(e) ={o € Xy : g,- > € > qo}- Itis easy to show I'(¢) is a maximal Markov finite antichain. It follows by (1) that

1=E Y ¢ =E > g0, >cc0l(e)],

o€l (e) oel'(e)
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hence

m

I(e)| < =
‘ (5)| = (550) n
By Lemma 4, choosing n, = m > 1,

enoo(p)? <E max CPIS 1P emoo ()P < CPeerm o0 (10)”
ocl'(e

~ 1 n
= CDE() 1Eem,oo(:u)D

)

and, hence,
nen,w(u)D < éDsoflmem’oo(u)D.
For fixed m this holds for all but finitely many n and yields

lim sup nep, o0 (1) ” < +o0,
n—oo

The remaining statement of this theorem follows from Proposition 1. m
Remark 6 The proof of the preceding theorem shows that
) D

lin Sup ey oo (1) < Banax{[[ 8172, Syl P} inf me, o s
n— 00 me

Next we will show the following theorem.

Theorem 7 Let {S;}Y| satisfy the SOSC and let D be a the unique solution of the Bowen equation P(D) = 0. Then

lim inf nen’oo(u)D >0,
n—o0

in particular, the lower quantization dimension D__ () of 1 is greater than or equal to D.

Remark 8 By the fact || - ||, < || - ||sfor 1 <1 < s < oo, we know ey, (1) < en s(t). So the preceding theorem is
equivalent to

lim inf ne,, 1 (1) > 0. (6)

n—oo
To prove (6), we need the following lemmas.
Lemma 9 There exists a constant ¢ > 0 with
w(B(a,r)) < crP
forevery a € E and r > o with probability one under the SOSC, where (B(a,r)) is an open ball.
Proof. By [1], we know the Hausdorff measure % (E) > 0 under the SOSC. Also with HP(E) < . =

Lemma 10 Assume that there is a constant ¢ > 0 with
u(B(a,r)) < crP

for every a € E and r > o with probability one. Then there exists a constant c; > 0 with

E / - alldu(z) > c1u(B)'+ )
B

for all a € R and all Borel sets B C R? with probability one.
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Proof. Let a € R and let B be a Borel subset of R%. If 4(B) = 0 then the conclusion (7) obvious holds. We assume
w(B) > 0and set rp = inf{r > 0: u(B(a,r)) > 1u(B)}. Since llm w(B(a,r)) =1 > p(B), there is an r > 0 with
T—00
w(B(a, 7)) > 2u(B). Hence, rp < <.
For r > rp, it follows by Lemma 9 that cr® > p(B(a,r)) > §u(B) which implies

1
crl > i,u(B). ®)
For 7 < rp we have pu(B(a,r)) < $u(B).
If (7n)nen is any increasing sequence with 7, < rp and lim 7, = rg, we deduce from B(a,rg) = |J B(a,r,)
that
. 1
#(Bla,rp)) = lim u(Bla,rn)) < Sp(B). 9

Using (8) and (9) we get

E / o — alldu(z) > E / o — alldu(z) > rop(B\ Bla,rs))
B B\B(a,rp)

> ro(u(B) ~ u(Bla,8))) = S7om(B)
> (o) Bu(B) .

Thus let ¢; = 1 (<) P, the lemma is proved. m

Corollary 11 Assume that there is a constant ¢ > 0 with
u(Bla,r)) < er?

for every a € E and r > o with probability one. Then there exists a constant co > 0 such that for every p-packing
{By,+,B,}inRwith u(R*\ J B;) =0andallay,--- ,a, € R
i=1

n(YE [ o - aldn(a))” > co
=1 B,

with probability one.
Proof. Set p = 1 + 3 and let ¢ = 1 4+ D. Then we have

1 1
-+ —-=1, and p > 1.
p q

Holder’s inequality yields

n

S = Z 1(IEJ/ |z — ai||du(x))”%
B;

i=1

1

n

< (S € [ e~ alaute) )

=1 i=1

= n%(ZE/ |z — ai||du(ac))%.
B;

Q=

N

i=1

1

This implies
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Using Lemma 11 we get for the constant c; > 0 of that proposition

=S (& [ ||z - ailldu(z) TP
Zl(B/ u(x))

3

Z Cl 1+DM = (Cl) 4D ,
=1

Thus, the corollary holds, if we set ¢y = (cl)D . m
Proof of Theorem 7 Let o, € C), 1 and let {A, : a € a,,} be a Voronoi partition of R? with respect to «,,. By
Corollary 3.1 we have

nen1 ()P = n( Z IE/ |z — a||d,u(a:))D > co > 0.

acay A
a

This implies Remark 8, the remaining statement of Theorem 7 follows from Proposition 1. The theorem is proved.
So we can prove Theorem 1 immediately.
Proof of Theorem 2 Combing Theorem 5 and Theorem 7, Theorem 2 is obvious.
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