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Abstract: Let G(31, 82, B3; A) be a subclass of analytic functions f(z) satisfies @ #0 (z €U) and

1 1 / 1 1 " 1 1 "
(Y st (1Y e ()
f(z) =z f(z) =z f(z) =z
for some complex numbers (1, B2, B3 and for some real A > 0.The object of the present paper is to obtain
2 ¢/
radius problem of %f(éz) € G(pB1, B2, B3; \) where f(z) satisfies the condition Re { ng(i‘;) } > a.

<A (zel),
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1 Introduction and definitions

Let A denote the class of the normalized functions of the form
o0
fz) =2+ anz", (1)
n=2

which are analytic in the open unit disk &/ = {z € C : |z| < 1}. A function f(z) € A s said to be in the class B(«) if
and only if

Re { Z;‘Qf;i‘;) } Sa  (zel), )

for some (0 < o < 1). Frasin and Darus [2] (see also, [1]) have defined the class B(«) and investigated some interesting

properties for this class.
For the class B(«), we introduce the subclass B(6, ) of B(«a) by

B0, a) = {f(z) € B(a) : % =14+ bz by = |bn|ein6}.
z
n=1
For a function f(z) belonging to A is said to be in the class G(1, B2, B3; A) if it satisfies @ #0 (z €U)and
YN AT T SO B A
e (f(Z) 2) P ) T\

for some complex numbers 31, 82, 83 and for some real A > 0. Very recently, Shimoda et al. [3] have studied the class

G(0,0,1; \) defined by
1 1 "
()
f(z) =z
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Let us consider the function f, (z) given by f,(z) = =y (v € R). Then, we observe that

It follows that

) 1 _1 / 3 1 _1 1; A 1 _1 1"
Pre (ffy(Z) ) e (h(z) ) s (mz) )

oo

5= 1) (7Y B11-+ 162l (1= 2) -+ 6] (1= 2)00 - 3] 0"

n=2

IN

oo

< 0= 1)) 18]+ 182l 020+ 6l (0 - 2000 3]

n=2

Therefore, if v = 2, then

N A A U AP A B A
fre (f2<z> ) + o <f2<z> ) + P <f2<z> )

This implies that f>(z) € G(B1, B2, B3; A) for A > |51]. If v = 3, then we have

1 1 / 1 1 1" 1 1 "
52 (5 -1) 2+ (551) +o (5 3)

Thus, f3(z) € G(B1, B2, B3; A) for A > 5|B1| + 2|52] . Further, if v = 4, then we have

1 1 ! 1 1 1" 1 1 1"
52 (1) +2 (7 -1) +o (55 3)

< 17[B1| +14]B2| + 6 B3] .-
Therefore, f4(z) € G(B1, B2, B3; A) for A > 17 |B1| + 14 |52| + 6| B3] -

<|B1].

2 Radius problem for the class G(1, 52, f3; \)

To obtain the radius problem for the class P (31, 82, 83; A), we need the following lemmas.
Lemmal Let f(z) € Aand ﬁ =14 > bp2" #0(z €U). If f(2) satisfies
n=1
(oo}

Y (=181 + (n = 2)Ba] + (n = 2)(n = 3)|B]) [ba] < A,

n=2

Sfor some complex numbers (31, B2, B3 and for some real A\ > 0, then f(z) € G(B1, B2, B3; \).

Proof. We observe that
) 1 1 ! 5 1 1 " 4 1 1 "
(551 2 (i) = (55 2)

= |5 Z(n — 1)bp2"™ + B2 Z(n —1)(n —2)b,z"
n=2 n=3
+03 Z(n —1)(n—2)(n — 3)by2"
n=4
< Y (n=1)(IB1] + (n = 2)|Ba| + (n — 2)(n — 3)|Bs]) |bn] -
n=2
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Therefore, if f(z) satisfies the inequality (4), then f(2) € G(B1, B2, B3; ).

Lemma?2 If f(z) € B(6,a), 0 < a < 1and ﬁ =1+ 21 bpz™, by = |by| €™, then
> (n—=1)|ba <1-a.

n=2

Proof. Let f(z) € B(6,«) and oy =1+ 32 bz, by = |bp| €™ (n = 1,2,---). Then,
n=1

() - w55+ (7))
S

1- Z(n —1) by emez"> >a, (z€l).

If we consider a point z = |z| e~ then we have

e}

1= (n=1)[ba] |2]" > a

n=2
Letting |z| — 17, we obtain the inequality (5). m

Remark 3 If f(z) € B(,«); 0 < a < 1, then the inequality

Z(n—1)|bn| <l-«
n=2

implies that
> tn-1)b  <1-0.
n=2

Applying the above lemma, we derive the following theorem.

&)

Theorem 4 If f(z) € B(6,);0 < a < land 6 € C (0 < |§] < 1). Then the function 5 f(5z) € G(B1, B2, Bs; ) for

0 < |0] < |60(N)|, where |5o(N)| is the smallest positive root of the equation

5 BEVIEa 6 /21 + 210)(1 - a — [bo?)
Yoo (1—16P)2
" 61 /121 + 6107 + 3181 (1 — o — [baf® — 2[bs[*)
+ |03 3
(1=10P)
= A

in0 <10 < 1.

Proof. Since w75 = 14 3 ba2" # 0 (2 € U) for f(z) € B(0, ), we see that %
n=1 EEA

|0] < 1. Thus, to show that %f(éz) € G(B1, P2, B3; A), from Lemma 1, it is sufficient to prove that

oo

Y (= 1)(1B1] + (n = 2) [Ba] + (n = 2)(n = 3) B3]} |8]" [ba] < A.

n=2
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Applying Cauchy-Schwarz inequality, we note that

> (= 1)(|B1] + (n = 2) |Ba| + (n— 2)(n — 3) |Bs]) [6]" [bn]
< |4l <Z(n 1) |5|2”> (Z(n 1) |an2>
+ |2 <Z(n —1)(n—-2)° |5|2"> (Z(n -1) an2>
n=3 n=3
+ 1B (Z(n —1)(n —2)*(n - 3)° 5|2”> (Z(n -1) |an2>
n=4 n=4
< I8l (Zm— 1y |6|2”> —a
n=2
+ 8| (Z(n —1)(n—-2) |5|2"> 1—a— [bf
+ 83| (Z(n —1)(n—2)%(n—3)? 5|2”> \/1 — o — |bo|* — 2 |bs)?. (6)
n=4
We note that
Sat= (el <),
n=0
thus, we have
nz::?(n —1)z" = T (7)
Since /
Z(n—2)x"71=x2 Z(n—Z)x”f?’ =2? 2232"72 = f 5
n=3 n=3 n=3 (]' ‘T)
we see that
> n— D — 2)23" — 23 x? /l72x3+4:c4
S bin 2" = (c5p) =5 @)

Furthermore, we have

Y (n=1)n-27>n-3%" = z* (Z(n —1)(n—2)%(n— 3)%"4)

n=4
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but

0o fe'e) $3
S =2)(n-3)a2"" =2 <Z<n— 2><”—3>“”4> - (12_x>3

n=4 n=4

thus, we have

= 122 4 722° + 3625
S (= 1)(n - 2)(n — 3)%" =~ J(rl _“’x)j T ©)
n=4

1JNS homepage: http://www.nonlinearscience.org.uk/



96 International Journal of Nonlinear Science, Vol.16(2013), No.1, pp. 92-96

Therefore, from (6)- (9) with |§ \2 = x, we obtain

S (= 1)(1B]+ (= 2) [Bs] + (n — 2)(n — 3) [Bs]) [3]" b
n=2
gy lvIza 1o V2042001 —a— [bof?)
= P TR ’ (1 - 18]%)2
01 \/12(1 + 618> + 313 (1 — a — [bal® — 2 b )
+ | B3] )

(1-w)

Now, let us consider the complex number ¢ (0 < |§| < 1) such that

5 BEVIZa 07 /201 +2161%) (1 — a — [ba]?)
Tk ’ (1—[6]%)2
o V120146182 + 3151 (1 — a — bl — 2 [ba®)
+ 3 3
(1 107%)
= A\

If we define the function 2(|d]) by

h(lsl) = [Bill6]* (1 —16]*)*VI—a
+B2/ 1] (1 - |5|2) \/2(1 +216°)(1 = a — |ba]?)

+ 185/ 18] \/12(1 + 610" +313]")(1 — a — [ba|* — 2 |bs]*)
—A1L - 161%)?,

then we have h(0) = —\ < 0 and h(1) = |83] \/120(1 — o — |ba|> — 2|bs|®) > 0. This means that there exists some
o such that h(]dg|) = 0 (0 < |dp| < 1). This completes the proof of the theorem. m
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