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Abstract: In this paper, we explore the slow-fast dynamic behavior in a typical non-smooth system. By introducing a periodic excitation to the conveyor belt system with dry friction as an example, when there exists
an order gap between the excitation frequency and the natural frequency, the system with two time scales is
obtained. It can be found that when the proper sets of parameters are taken, the system may behave in bursting oscillations, the mechanism of which can be revealed via regarding the excitation term as a slow-varying
parameter. The equilibrium, as well as the associate bifurcations of the smooth subsystems, are investigated.
The sliding regions are also presented by applying the differential inclusion theory. Here we present the dynamical evolutions with the variation of exciting amplitude under three typical sets of parameters and try to
reveal the transition mechanism. Further investigation shows that the variation of the exciting amplitude can
cause complex patterns of movement along the non-smooth interface, leading to different bursting attractors.
In addition, the transformation of the equilibrium points, together with the inherent structure of the subsystems, and the travelling velocity can change the structure of the trajectory, resulting in different spiking states.
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Introduction

Non-smooth factors commonly exist in science and engineering, such as collision phenomenon[1], dry friction system[2],
switch control[3], pulse control[4, 5], threshold phenomenon, attracting extensive attention among the scholars. The dry
friction system, widely applied in engineering practice, such as disc brake systems[6], spur gear systems[7], chatters of
machine tool during cutting[8] and it has become a hot topic in nonlinear science.
As a representative model of dry friction systems, the nonlinear conveyor belt system can be classified as the second
type of Filippov system that may show complex dynamics. Many results related to the dynamics have been reported. For
example, Gao and Fan focused on the motion of a two degree of freedom elastic impact vibrator on the conveyor belt by
using flow switching theory and numerical simulation[9].
Due to the dry friction factor, the system may appear in non-smooth movements, the patterns of which is different
from the smooth system. The main difference lies on the non-smooth interface that the sliding bifurcations may occur,
leading to sliding movements on the interface. According to different sliding modes of the trajectory, the sliding bifurcations could be divided into four types: crossing-sliding bifurcation[10], grazing-sliding bifurcation[11], switching-sliding
bifurcation[12], and multi-sliding bifurcation[13].
Up to now, many work focus on dry friction systems with single scale. In fact,there exist many different time scales,
it will cause complex slow-fast dynamical phenomena. When there exist two time scales[14, 15] in the vector field, the
bursting oscillations may occur, which behaves in the combination of large-amplitude oscillations with small-amplitude
oscillations or at rest. In this paper, we study the bursting oscillations in a conveyor belt model with dry friction and two
time scales. The dynamical evolutions as well as the bifurcation mechanism are investigated.
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Mathematical model

Now, we present the physical model of the nonlinear conveyor belt system, which is shown in Fig.1. The mass m > 0 on
the conveyor belt is connected to the fixed frame by spring and damper with the harmonic excitation force F (t). k1 and
k2 are the coefficients of linear and nonlinear springs, respectively, and the damping coefficients of linear and nonlinear
dampers are respectively represented by c1 and c2 .

Figure 1: Physical model of nonlinear dry friction system.
Suppose v denotes the constant speed of the conveyor belt, and the mass only moves in a straight line in the horizontal
direction, then the displacement of the mass shall be marked as x, which can be written in the form,
mẍ + k1 x + k2 x3 − c1 ẋ + c2 (x2 − 1)ẋ = −Ff + F (t),

(1)

where m, k1 , k2 , c1 , c2 are parameters. And we take F (t) = P cos Ωt, in which P and Ω are the amplitude as well as the
frequency of F (t), respectively. The dry friction force affect the relative movement, denoted by Ff . Hence, according to
the Coulomb model, the friction model can be established, expressed as

vm − v < 0,
 = Fd
Ff = Fd sgn(vr ) = Fd sgn(vm − v) = ∈ [−Fd , Fd ] vm − v = 0,
(2)

= −Fd
vm − v > 0,
where Fd , vr , and vm are correspond to the kinetic friction, relative speed, and the speed of the mass, respectively.
Obviously, vr = vm − v.
P
Then, assuming α1 = km1 , α2 = km2 , β1 = cm1 , β2 = cm2 , f = Fmd , A = m
, equation (1) can be transformed to
{
ẋ = vm ,
(3)
v̇m = −α1 x − α2 x3 + β1 vm − β2 x2 vm − f sgn(vr ) + A cos(Ωt),
where −α1 x − α2 x3 , f sgn(vr ) describe the nonlinear and non-smooth characteristics. The non-smooth interface Σ0 :=
{(x, vm )|vm = v} divides the vector field into two smooth regions D+ := {(x, vm )|vm > v} and D− := {(x, vm )|vm <
v}.
By applying fast-slow analysis, the whole external excitation term can be regarded as a slowly varying parameter
W . Thus the whole system can be treated as a generalized autonomous system with two time scales, experessed in the
following forms
{
ẋ = vm ,
(4)
v̇m = −α1 x − α2 x3 + β1 vm − β2 x2 vm − f sgn(vr ) + w,
where Ω = 0.01.

3
3.1

Bifurcations analysis
Sliding region

According to the differential inclusion theory, the interface Σ0 is defined as
Σ0 = {x ∈ R2 |H(x) = 0},
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in which H(x) = vm − v, dividing the entire phase space into two sub-regions
D+ = {x ∈ R2 |H(x) > 0}, D− = {x ∈ R2 |H(x) < 0}.
The two sub-regions can be written as
when vm > v,
{
Ẋ = F+ (X) =
when vm < v,

{
Ẋ = F− (X) =

ẋ = vm ,
v̇m = −α1 x − α2 x3 + β1 vm − β2 x2 vm − f + w,
ẋ = vm ,
v̇m = −α1 x − α2 x3 + β1 vm − β2 x2 vm + f + w.

When the trajectory contacts the non-smooth interface Σ0 , the system may produce non-smooth bifurcation. Based on
Filippov convex method, introducing an auxiliary parameter q ∈ [0, 1], System (4) can be transformed into the following
differential inclusion form

q = 0,
 F− (X)
qF+ (X) + (1 − q)F− (X)
q ∈ (0, 1),
D∈
(5)

F+ (X)
q = 1.
From the (5), when the parameter q ∈ (0, 1), because there are complicated contact modes between the trajectory
and interface, Lie derivative and vector field directional derivative are introduced , that is, LF± H = ∇H · F± , where
∂H
∇H = ∂X
.
The sliding area Σ0 of system (4) is shown as
{
}
Σs = (x, w)| − α1 x − α2 x3 + β1 vr − β2 x2 vr = (1 − 2q)f − w, q ∈ (0, 1) ,
that is, the sliding area meets the conditions LF+ H < 0, LF− H < 0.
In addition, when q takes 0 or 1, the two boundaries of the sliding area are respectively expressed as
{
}
∂Σs+ = (x, w)| − α1 x − α2 x3 + β1 vr − β2 x2 vr = f − w ,
{
}
∂Σs− = (x, w)| − α1 x − α2 x3 + β1 vr − β2 x2 vr = −f − w .
The auxiliary parameter q can also be re-written as
q=

LF+ H
α1 xs + α2 x3s − β1 vr + β2 x2s vr − ws + f
=
,
LF− H − LF+ H
2f

(6)

in which xs , vr and ws are the coordinate positions corresponding to the state variables x, vm and parameter w when the
trajectory contacts the interface.

3.2

Bifurcations analysis

Obviously, the vertical ordinate of the equilibrium points of system (4) are 0, so there is only has admissible equilibrium
∗
∗
points, that is, equilibrium points (x∗ , vm
) are located in the smooth region D± and satisfies F+ (x∗ , vm
) = 0, H(x∗ ) > 0
∗ ∗
∗
or F+ (x , vm ) = 0, H(x ) < 0.
Let E(x0 , 0) express the admissible equilibriums, where x0 satisfies
−α1 x0 − α2 x30 − f sgn(vr ) + w = 0,

(7)

The corresponding Jacobian matrix is
(
A=

0
−α1 − 3α2 x20

)
1
,
β1 − β2 x20

The corresponding characteristic polynomial is
P (λ) = λ2 + (β2 x20 − β1 )λ + α1 + 3α2 x20 ,
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where a2 = 1, a1 = −(β1 − β2 x20 ), a0 = α1 + 3α2 x20 .
It is easy to obtain that the roots of equation (8) are
√
2
(β1 − β2 x20 ) ± (β2 x20 − β1 ) − 4(α1 + 3α2 x20 )
,
λ1,2 =
2
According to the Routh-Hurwitz stability criterion, when the following
∆1 = a1 > 0, ∆2 =

a1
0

a2
= a1 a0 > 0,
a0 ,

conditions are satisfied, the real parts of all characteristic roots of characteristic polynomial are negative, indicating that
the admissible equilibrium points E are locally asymptotically stable. The conditions can also be expressed as
β2 x20 − β1 > 0, (β2 x20 − β1 )(α1 + 3α2 x20 ) > 0

(9)

When the condition (9) is not established, the system may have bifurcation behaviors due to the loss of the original
stability of the equilibrium points. For example, fold bifurcations and Hopf bifurcations may occur: The Fold bifurcations
correspond to the change of the number of equilibrium points of the system, and its critical condition is α1 + 3α2 x20 = 0,
present as the characteristic values corresponding to equation (8) have zero roots. Therefore, the critical condition for the
occurrence of fold bifurcations are
(10)
F B : α1 + 3α2 x20 = 0.
Hopf bifurcations correspond to the case that the eigenvalue of characteristic equation (8) passes through the imaginary
axis, that is, when there is a pair of pure imaginary roots in equation (8), Hopf bifurcations may occur, and may lead to
the instability of the equilibrium points and the generation of limit cycles. Therefore, the critical conditions for Hopf
bifurcations are
{
β2 x20 − β1 = 0,
(11)
HB :
α1 + 3α2 x20 > 0,
√
the oscillation frequency of limit cycles is ΩH = (α1 + 3α2 x20 ).

4
4.1

Analysis of the dynamics
Evolution of the dynamics with two time scales

In this section, the dynamical behaviors of the system are further analyzed through numerical simulations. The amplitude
of the external excitation term is selected as the adjustment parameter, and the other parameters are fixed as α1 = −1.0,
α2 = 4.5, β1 = 2.5, β2 = 6.0, f = 0.5, v = 0.2.
Fig.2 gives the phase portrait in (x, vm ) plane of the three cases when A = 1.0, A = 2.5 and A = 5.0. The purple
dotted line represented non-smooth interface Σ0 , which divides the system into two regions D+ and D− .

Figure 2: The phase diagrams in (x, vm ). (a)A = 1. (b)Localmagnif icationof thephasediagramnearE 1 .
(c)A = 2.5. (d)A = 5.0
.
Now we turn to the case for A = 1.0, system (4) forms a cycle when moving according to the unstable focus
E 1 (−0.6311, 0), and the trajectory gradually converges to E 2 (0.7995, 0) when near the stable focus E 2 . When the
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trajectory contacts the interface, there are three motion modes: crossing-sliding mode, sliding-sliding mode, and crossingcrossing mode.
When the amplitude adding to A = 2.5, there also has two parts, and the trajectory modes on the interface are the same
as . However it is different from A = 1.0, there are two stable focuses E 1 (−0.8597, 0) and E 2 (0.9579, 0). In addition,
the number of contact between the trajectory and the interface is significantly reduced.
Continue to increase the external excitation amplitude to A = 5.0, the contact modes change from three to two, which
are crossing-sliding mode and sliding-sliding mode. The shape of the trajectory changes drastically, as shown in Fig.2.(d).
To further explain the different behaviors with the three external excitation amplitudes, we observe it from the perspective of time history. Fig.3.(a) reflect the two time-scales effect, that is, there are process of alternating between large oscil-

Figure 3: Time history of A = 1.0. (a) Time history of state variable x. (b) Local magnification of (a).
(c) Time history of state variable vm .
lation SP1 (spiking state) and relatively long-time smooth state QS1 (quiescent state) , which performs the typical periodic
bursting oscillation. The frequency of oscillation in one cycle is 2π/τ = 2π/(31025.3731 − 30395.7711) ≈ 0.01 = Ω.
(1)
In Fig.3.(b), the spiking state SP1 is divided into three processes: oscillation SP1 between τ (1) − τ (2) G →
(3)
(2)
oscillation SP1 between τ (2) − τ (3) G → oscillation SP1 between τ (3) − τ (4) . The stable focus E 2 (0.7995, 0) in
Fig.1 corresponds to the peak of quiescent state QS1 .
Moreover, it is noted that the interface is in the variable vm direction. From Fig.3.(c), the trajectory contacts the
interface many times in a period, showing non-smooth characteristics obviously, and there are three contacts modes,
which are the same as the phase diagram in Fig.2.(a).

Figure 4: Time history of A = 2.5. (a) Time history of state variable x. (b) Time history of state variable vm .
By observing the Fig.4.(a), it is not difficult to find that the number of spiking and quiescent states has changed
from one spiking state, one quiescent state to two spiking states and two quiescent states (QS1 , QS2 ). In Fig.2.(c), the
equilibrium points E 1 (−0.8597, 0) and E 2 (0.9579, 0) are corresponded to the through of QS1 and the crest of QS2 ,
respectively.
In Fig.4.(b), there exists the process of convergence to the equilibrium points E 1,2 . But the transition modes of
trajectory are different from the situation when A = 1.0. Here are two transition ways: between large amplitude oscillation
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SP1 and quiescent state QS1 ; between limit cycle SP2 and quiescent state QS2 . The period T is consistent with the period
of w. The three modes between trajectory and interface in Fig.4 are accorded with the phase diagram in Fig.2.

Figure 5: Time history of A = 5.0. (a) Time history of state variable x. (b) Time history of state variable vm .
Through the analysis of the above two cases, we know that properly changing the external excitation amplitude may
lead to the change of the corresponding bursting oscillation modes and the non-smooth dynamic behaviors on the interface.
When A = 5.0, both the phase diagram in Fig.2.(d) and the time history in Fig.5.(b) show that trajectory has less contact
with interface. At present, the system is mainly controlled by the fast subsystem in region D− .The number of spiking states
and quiescent states are two, but the transition modes of the trajectory has changed. The specific transition mechanism
needs to be further analyzed.

4.2

The mechanism of bursting oscillations for A = 1.0

Fig.6.(a) shows the black S-shape equilibrium branch and the single-parameter bifurcation. According to the formulas
(10) and (11), there are two fold bifurcation points and two subcritical Hopf bifurcation points
F B+1 (w, x) = (−0.6814, −0.2722), F B−1 (w, x) = (−0.3186, −0.2722),
HB+1 (w, x) = (0.0648, 0.6455), F B−1 (w, x) = (−1.0648, −0.6455),
corresponding to the four orange solid points F B±1 , HB±1 which on EB±i (i = ±1, 0, ±2), respectively. These
four points divide the curve into five parts, where the solid line represents stability parts, and the dashed line represents
instability.
The two limit cycles are represented by green and cyan cycles respectively. The green hollow points and the cyan
dotted line denote unstable equilibrium branches while the solid curves denote stable equilibrium branches. The green
limit cycles are generated by sub-critical Hopf bifurcations at HB±1 , and the collision between the unstable and the stable
parts form limit cycle fold bifurcations marked as LP C1,2 . The cyan limit cycles are generated by two smooth fold limit
cycle bifurcations (LP C3,4 ) which across the interface.

Figure 6: Equilibrium branch and related single-parameter bifurcations for A = 1.0. (a) (w, x) plane. (b) (w, vm ) plane.
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There are two times amplitude mutations of the green limit cycles. From Fig.7.(a), when the trajectory falls in region
2 the trajectory slides on the interface. The trajectory is located outside the interface when it reaches the crossing regions
⃝,
1 and ⃝.
3 When the trajectory reaches boundary ∂Σs± , it will slide into sliding region or leave from the interface and
⃝
then enters the crossing regions.

Figure 7: (a) Sliding region in (w, x). (b) Overlap of three sections and sliding region in (w, x, vm ).
As shown in Fig.6(a), the cyan limit cycles are in region D+ and D− , without contact with the interface Σ0 . Note
that between W3 and W5 , the cyan limit cycles and the green limit cycles coexist. For the green limit cycles, the structure
between and W2 , W4 and W5 are single-slip. That is, the limit cycles slide on the interface Σ0 . In these two stages,
sections w = − 0.9 and w = 0 are taken respectively, the limit cycles oscillate around single unstable focus.
From the section w = − 0.5, there are three unstable equilibrium points coexisting. After the fold bifurcations,
the unstable focus and unstable nodes will transform. The manifolds ΓU 1 and ΓU 2 are continuously extended, until the
manifold (black arrow) generated by the unstable focus is wrapped in the middle.
At W2 , the unstable focuses transfer to unstable nodes, the manifold increases. At W4 , the unstable nodes change
back to the unstable focuses, the manifold decreases. Which is consistent with the phenomenon that the amplitude of the
limit cycles suddenly increase and decrease in Fig.5.
To reveal the mechanism of the bursting oscillation more accurately with non-smooth characteristics above, the transformed phase portraits on the (w, x) plane, the overlap of the transformed phase portraits with its corresponding equilibrium branch and bifurcation curve are given.

Figure 8: (a) Transformed phase portraits in (w, x). (b) Overlap of the (a) before and Fig.3.5(a).
The pink arrows and the red arrows in Fig.8(a) represent the motion direction of the trajectory when the slowly varying
parameter w changes between − 1.0 and + 1.0. With the change of parameter w, the trajectory has the process of jumping
and the process of approaching to the stable equilibrium branch. In addition, the trajectory amplitudes are separately
changed after point A4 and A6 .
Supposing the trajectory starts at the point A1 , corresponding to the minimum value of parameter w = − 1.0. A1
is located on the unstable equilibrium branch EB−1 in region D− . Under the influence of stable limit cycles LC±1 , the
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Figure 9: (a) Transformed phase portraits in (w, x). (b) Overlap of the (a) before and Fig.3.5(b).
trajectory vibrate until contacts with the interface at point A2 (w, vm ) = (−0.9999, 0.2), which is corresponding to point
A2 (x, vm ) = (−0.7004, 0.2) in the traditional phase space.
According to (6), the parameter q can be calculated as q ≈ 0.7428 ∈ (0, 1), indicating that the trajectory will move
along the interface in the next short term. The trajectory leaves the interface at the point
∆t = arccos(−0.6133/1.0)/Ω − arccos(−0.7004/1.0)/Ω ≈ −11.5726.
Affected by the single-sliding structure, viscosity-sliding occurs on the interface. The trajectory oscillates along the
(1)
limit cycle in interval w ∈ (−1.0, −0.7466), leading to spiking state SP1 . Then, by the transformation of unstable
focus-node at the point F B+1 , the trajectory passes through the interface at A4 (w, vm ) = (−0.7276, 0.2). On the (w, x)
plane, the process shows the oscillation of the limit cycle which amplitude increasing. On the (w, vm ) plane, crossingsliding occurs, the system continues to move forward along LC±1 . Then, the trajectory separates from the interface at
(2)
A5 (w, vm ) = (−0.2699, 0.2), resulting in spiking state SP1 .
Fold bifurcation occurs at the point F B−1 causing the node-focus conversion at the point A6 (w, vm ) = (−0.2318, 0.2).
The trajectory amplitude increases again. The trajectory no longer moves along the green limit cycles with amplitude reducing, mainly because the two time scales effect has an impact on the rate of the system. The trajectory of the system is
in the bistable region w ∈ (−0.3194, −0.2065).
When the trajectory arrives at A7 (w, vm ) = (−0.2368, −1.7596), the instantaneous speed is too fast. Thus, the
trajectory passes through the unstable loops LC±3 thereby attracted by the stable cycles LC±2 . Finally, the trajectory
(3)
forming a limit cycle that crosses the interface and oscillates greatly, leading to the spiking state SP1 .
When w = 0.3234, the stable limit cycles LC±2 collide with the unstable limit cycles LC±3 , bifurcation LP C4
occurs, and the limit cycles disappear. During the interval w ∈ (−0.2368, 0.3463), the oscillation present crossingcrossing mode which is around the unstable focus. Then, the trajectory was attracted by the stable equilibrium branch
EB+2 in region D− , causing the amplitude of the spiking state gradually decreased. Until the trajectory gradually
stabilized, finally almost completely moved along EB+2 , forming the first half of the quiescent state QS1 .
At the point A8 , the half-period movement ends, corresponding to the maximum value w = 1.0. At this time,
the system is controlled by the subsystem D− , and there has a stable equilibrium branch EB+2 . The trajectory begins to
move backward along the curve EB+2 with time increasing. Due to the slow channel effect generated by Hopf bifurcation
HB+1 , the trajectory still moves along the unstable branch EB+1 until to the point A9 (w, x) = (−0.6224, 0), forming
the complete quiescent state QS1 .
Then, the trajectory loses its original stability, jumping toward the equilibrium point E 1 , and falling on the limit cycles
LC±1 . The system entering the viscous-sliding mode, which is almost coincident with the motion state of the spiking
(1)
state SP1 . When the trajectory arrives at the point A1 , the full period of the bursting oscillations is completed.

5

Conclusions

In this paper, a conveyor belt model with periodic external excitation is taken as an example and appropriate parameters are
selected to make the external excitation frequency far less than the natural frequency, a non-smooth dynamic model with
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two time scales is established. At this time, the system has a significant magnitude difference in the frequency domain,
showing the phenomenon of bursting oscillations between the spiking state and the quiescent state, and then the dynamic
evolution process of the model and the mechanism of bursting oscillations are explored. Due to the existence of nonsmooth interface, the phase space of the system is divided into two smooth sub-regions. In addition to the conventional
bifurcation, the system also has different motion modes on the interface, mainly including the viscous-sliding mode, the
crossing-sliding mode, and the crossing-crossing mode. With the change of the amplitude of the external excitation, the
form of bursting oscillations also changes, which is determined by the bifurcations of the system and the rate of trajectory
in the motion process. Furthermore, for the limit cycle, different equilibrium points in the local morphology of the limit
cycle may lead to dramatic changes in the process of mutual transformation, and the inherent structure of system may also
lead to oscillation behavior of itself.
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