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Abstract: Among many graph operations, many researchers have studied the subdivision of a graph because
of its beautiful graph structure. Some scholars put forward subdivided-line graph operation to construct extended Sierpiński graphs. Notice that the middle graph put the line graph operation and subdivision graph
operation together. Take into account these studies, we introduce the heterologous bi-subdivision graph operation. Depending on this graph operation, we construct iterated heterologous bi-subdivision graphs. Then,
we study some applications of Laplacian eigenvalues of iterated models, for example second smallest and
largest eigenvalues, resistance distance, first- and second-order network coherence.
Keywords: Bi-subdivision graphs, Laplacian eigenvalues, algebraic connectivity, spectral radius, resistance
distance, coherence

1

Introduction

In the past decade, graph theory has gone through a remarkable shift and profound transformation. Knowledge of graph’s
Laplacian spectra is central to understanding its structure and dynamics, efforts have been undertaken to study the Laplacian spectra of graphs. Spectral graph theory has become a heated subject of extensive empirical research in various
scientific fields, such as physics, mathematics [1, 2], computer science [3], due to its wide applications in this academic
field [4–6].
In the last few years, many scholars use spectral graph theory to analyze dynamical and structural properties of graphs
[7, 8], for example the trapping problem[9, 10], Kirchhoff index[11], Eigentime identities[12, 13] and the robustness
of consensus algorithm with Gaussian white noise[14–18]. Among various graphs, Sierpińshi graphs are one of the
most important categories[19–21]. T. Hasunuma newly introduced the subdivided-line graph operation and studied the
structural properties of subdivided-line graphs [22]. Z. Zhang and Y. Qi studied the spectral properties of extended
Sierpiński graphs which constructed by doing subdivided-line graph operation to a complete graph [23]. The subdividedline graph of a graph combined two graph operations which are the line graph of a graph [24] and the subdivision of a
graph [25, 26]. A. Aytaç studied some properties of middle graph of graphs [27] which put the line graph and subdivision
graph together.
The concept of a line graph, that transforms links of the original graph into nodes in the line graph, can be used
to understand the influence of link failures on infrastructure networks. In the past, some researchers have studied the
Laplacian spectrum of bi-subdivision. On this basis, we combine line graph with bi-subdivision graph. Based on these
studies, we first introduce heterologous bi-subdivision graph operation. That is, we first construct the bi-subdivision graph
of graph. And, we divide the new nodes of bi-subdivision graph into two categories. Then, we link some nodes of the same
category. New vertices of bi-subdivision graph are heterologous if created by the different edge. That’s why we divide the
nodes into two categories and the model call heterologous bi-subdivision graph. According to this graph operation, we
construct iterated heterologous bi-subdivision graphs.
The organization of this paper is as follows. In Sec.2, we introduced the heterologous bi-subdivision graph operation
and construct iterated heterologous bi-subdivision graphs. In Sec.3, we study the iteration formula of Laplacian eigenvalues of iterated heterologous bi-subdivision graphs when the initial graph is regular. In Sec.4, we give some application of
Laplacian eigenvalues of iterated models. In the last section, we draw the conclusions.
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2

Model

In order to construct our models, we first introduce some notions.
Let G = (V, E) be a connected undirected graph with vertex set V = V (G) = {v1 , v2 , · · · , vn } and edge set
E = E(G) = {e1 , e2 , · · · , em }. The graph can be called as k-regular graph when their vertices all have the same degree
k.
Let d(vi ), i ∈ {1, 2, · · · , n} denote the degree of vertex vi . Let D(G) = diag(d(v1 ), d(v2 ), · · · , d(vn )) be the
diagonal matrix of vertex degrees. The Laplacian matrix is L(G) = D(G) − A(G), where A(G) is the (0, 1)-adjacency
matrix.
The incidence matrix R(G) of G a n × m matrix, whose (i, j)th entry is defined as follows:
1. 1 if vertex vi is incident on edge ej , (i.e., vi is one of the endpoints of ej .)
2. 0 if vertex vi is not incident on edge ej , (i.e., vi isn’t one of the endpoints of ej .)
The line graph Y (G) of a graph G is the graph whose vertex set is in one-to-one correspondence with the edge set
E(G) of G, where two vertices are adjacent if and only if their corresponding edges of G have a vertex in common.
The bi-subdivision graph, denoted by B 2 (G), is the graph obtained by inserting 2 paths of length 2 replacing the
every edge of G. Here B 2 (G) is called the bi-subdivided operation.
The vertex set of B 2 (G) makes up of n + 2m vertices. The old vertex set V makes up of n elements. The new
vertex set V new (B 2 (G)) = V1new ∪ V2new , where V1new ={ve1j } and V2new ={ve2j } consists of 2m elements together
(j = 1, 2, · · · , m). The ve1j and ve2j describe the different inserting vertices created by corresponding edges ej . The
relationship of new vertices created by different edges is called heterology. ( Fig.1 illustrates the construction processes
of B 2 (G) with new vertex set V1new and V2new . )
Now we can construct our model by using heterologous bi-subdivision graph operation.
2
2
The heterologous bi-subdivision graph Bhe
(G) is constructed as follows: ( Fig.1, we show the construction for Bhe
(G)
for the case of n = 4 and k = 3. )
1. The bi-subdivision graph of the graph G, B 2 (G), is the graph obtained by inserting 2 paths of length 2 replacing
the every edge of G.
2. The two distinct inserting vertices of B 2 (G) belonging to the same heterologous subset Vinew (i = 1, 2) are adjacent
if and only if their corresponding edges of G are adjacent.
Let G0 = (V0 , E0 ) be k-regular graph with vertex set V0 = V (G0 ) = {v1 , v2 , · · · , vn } and edge set E0 = E(G0 ) =
{e1 , e2 , · · · , em }. It is obvious that 2m = nk.
Now we introduce the iterated heterologous bi-subdivision graphs Gt , which are built in an iterative way.
1. The initial graph is k-regular graph G0 .
2
2. For t ≥ 1, Gt = Bhe
(Gt−1 ).

According to the construction, we can obtain Gt is 2t k-regular graph. Let Nt and Et denote the total number of nodes
and the total number of edges, respectively. We can obtain the recursion relations of Nt and Et . That is
Nt = 2Et−1 + Nt−1 ,
2t kNt
.
2
Then, we can obtain Nt = (2t−1 k + 1)Nt−1 . Through this recursion relation, we have
Et =

Nt =

t
∏

(2i−1 k + 1)n,

(1)

i=1

and
Et = 2t−1 k

t
∏

(2i−1 k + 1)n,

i=1

where n is the number of nodes of initial graph G0 .
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2
Figure 1: Illustrate of the construction for Bhe
(G) for the case of n = 4 and k = 3.

3

Laplacian spectrum

To facilitate the calculation of the eigenvalues of Laplacian matrices, we introduce several Lemmas.
Lemma 3.1[29] Let G0 be a k-regular graph with adjacency matrix A and an incidence matrix R. Let Y (G) be line
graph. Then RT R = A(Y (G)) + 2I.
Lemma 3.2 [30] Let M1 , M2 , M3 , M4 be respectively p × p, p × q, q × p, q × q matrix. If M1 are invertible, then
(
)
M1 M2
det
= det(M1 )det(M4 − M3 M1−1 M2 ).
M3 M4
Let PL(G) (λ) denote the characteristic polynomial
of matrix
poly) L(G). Let PA(Y (G)) (λ)
( denote the characteristic
)
(
nomial of matrix A(G). That is PL(G) (λ) = det λIm − L(G) and PA(Y (G)) (λ) = det λIm − A(Y (G)) .
Lemma 3.3 [31] If G is a k-regular graph with n vertices and m edges. We have the relationship between PL(G) (λ)
and PA(Y (G)) (λ),
PA(Y (G)) (λ) = (λ + 2)m−n PL(G) (λ + 2 − 2k).
We can easily derive lemma 3.4 based on the elementary transformation of matrix.
Lemma 3.4 The determinant of the bolck matrix of the form
(
)
A−B
−B
,
−B
A−B
is det(A)det(A − 2B), where the matrix A and B have same order.
Let Lt , Dt , At and Rt denote, respectively, the Laplacian matrix, degree matrix, adjacent matrix and incidence matrix
of Gt . Let A(Y (Gt )) be the adjacent matrix of the line graph Y (Gt ).
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Let PLt (λ) = det(λIt − Lt ) denote the characteristic polynomial of matrix Lt , where INt is Nt × Nt identity matrix.
The following proposition establishes the recursive relationship for the characteristic polynomial Pt (λ).
Proposition 3.5 For t ≥ 1, the characteristic polynomial PLt (λ) of L(Gt ) satisfies the following relationship:
Pt (λ) = (2t k − λ + 2)2Et−1 −Nt−1 Pt−1 (λ − 2)Pt−1 (λ).
2
Proof: Notice that, Gt is 2t k-regular graph and Gt = Bhe
(Gt−1 ). The characteristic polynomial PLt (λ) can described in the following form.

PLt (λ)

(λ − 2t k)INt−1
T
Rt−1
T
Rt−1

=

Rt−1
Rt−1
(λ − 2t k)IEt−1 + A(Y (Gt−1 ))
0
,
0
(λ − 2t k)IEt−1 + A(Y (Gt−1 ))

where INt−1 and IEt−1 are Nt−1 identity matrix and Et−1 identity matrix, respectively.
T
According to Lemma 3.1, we have Rt−1
Rt−1 = A(Y (Gt−1 )) + 2IEt−1 . Then according to Lemma 3.4, we have
Pt (λ)

=

=

=

=

[(
)
(λ − 2t k)IEt−1 + A(Y (Gt−1 ))
0
(λ − 2 k)
det
0
(λ − 2t k)IEt−1 + A(Y (Gt−1 ))
( T )
]
)
1
Rt−1 (
Rt−1 , Rt−1
−
T
Rt−1
λ − 2t k
[(
)
(λ − 2t k)2 IEt−1 + (λ − 2t k)A(Y (Gt−1 ))
0
det
0
(λ − 2t k)2 IEt−1 + (λ − 2t k)A(Y (Gt−1 ))
)
]
( T
T
Rt−1
Rt−1 Rt−1 Rt−1
(λ − 2t k)Nt−1 −2Et−1
−
T
T
Rt−1 Rt−1 Rt−1 Rt−1
(
)
t Nt−1 −Et−1
t
(λ − 2 k)
det (λ − 2 k)IEt−1 + A(Y (Gt−1 ))
(
)
×det ((λ − 2t k)2 − 4)IEt−1 + (λ − 2t k − 2)A(Y (Gt−1 ))
(
)
(−1)Et−1 (λ − 2t k)Nt−1 −Et−1 det (2t k − λ)IEt−1 − A(Y (Gt−1 ))
(
)
(2 − λ + 2t k)(2 + λ − 2t k)
×(λ − 2t k − 2)Et−1 det
I
−
A(Y
(G
))
Et−1
t−1
λ − 2t k − 2
t

Nt−1

= (−1)Et−1 (λ − 2t k)Nt−1 −Et−1 (2t k − λ + 2)Et−1 −Nt−1 Pt−1 (2 − λ)
(
)
×(λ − 2t k − 2)Et−1 (2t k − λ)Et−1 −Nt−1 Pt−1 2t k − 2 − λ + 2 − 2t k
= (2t k − λ + 2)2Et−1 −Nt−1 Pt−1 (λ − 2)Pt−1 (λ). 
According to Proposition 3.5, we can easily obtain the following Corollary.
(t)
(t)
(t)
Corollary 3.5.1 Let △t = {λ1 , λ2 , · · · , λNt } denote the set of eigenvalues of Laplacian matrix Lt for Gt (t ≥ 1),
(t)

(t)

(t)

where the distinctness of elements in △t has been ignored and 0 = λ1 ≤ λ2 ≤ · · · ≤ λNt . Then
△t = {2t k + 2}2Et−1 −Nt−1 ∪ {△t−1 + 2} ∪ {△t−1 },
(t−1)

(t−1)

(t−1)

where {△t−1 + 2} is {λ1
+ 2, λ2
+ 2, · · · , λNt−1 + 2}.
According to Eqs.(1) and (2), we can obtain
2Et−1 − Nt−1 = (2t−1 k − 1)

t−1
∏

(2i−1 k + 1)n,

i=1

where G0 is k-regular graph with n nodes.
Take G0 be a complete graph with 4 nodes as an example, we have the eigenvalues of Laplacian matrix of G0 , that is
{0, 4, 4, 4}. We know G0 is 3-regular graph with m=6, n=4. In Fig.2, we show a histogram related to the distribution of
eigenvalues of Laplacian matrix of G3 .
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The probability distribution curve of eigenvalues
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Figure 2: The histogram and probability distribution curve of Laplacian eigenvalues of G3 .

4

Application of Laplacian spectrum

The eigenvalues of the Laplacian matrix are important in graph theory. Especially, the largest and the second smallest
eigenvalues of L(G) are probably the most important information contained in the spectrum of a graph. We have know
that the second smallest eigenvalue is called algebraic connectivity a(G) which presented by Fiedler in 1973 [32]. The
largest eigenvalue is called the Laplacian spectral radius of graph.
And, numerous studies have shown that the Laplacian eigenvalues of graph can characterize various structural and
dynamical aspects of graph, including the number of spanning trees, the Kirchhoff index, mean hitting time and so on.
According to Corollary 3.5.1, we can obtain the Laplacian spectrum of iterated heterologous bi-subdivision graphs.
Through accurate Laplacian spectrum, we study some basic variables of the iterated heterologous bi-subdivision graphs.

4.1

Second smallest eigenvalue

Among all elements in Laplacian spectrum, one of the most popular is the second smallest eigenvalue, called by Fiedler
[32], the algebraic connectivity of a graph. Its importance is due to the fact that it is a useful parameter to measure, to
a certain extent, how well a graph is connected. For example, it is well-known that a graph is connected if and only if
its algebraic connectivity different from zero. In the past, the algebraic connectivity has received much more attention,
see [33, 34] for surveys and books; [35–37] for application on trees; [38, 39] for applications on hard problems in graph
theory.
In this paper, according to the construction of iterated heterologous bi-subdivision graphs Gt . Let λt2 denote the second
= · · · = λ12 = 2.
smallest eigenvalues of Laplacian matrix of Gt . We have λt2 = λt−1
2
The cover time of random walks on a graph is a fundamental observable to quantify the efficiency of exploring or
searching the graph. It is intimately related to numerous combinatorial and algebraic properties of a graph, for example,
conductance. Thus, evaluating or bounding the cover time can lead to some interesting combinatorial results and have
attracted much attention [40, 41]. For a regular graph G = (V, E) with |V | = N , Broder and Karlin [42] provided a
bound for the cover time C(G) of G given by C(G) = O(N logN/(1 − σ2 )), where σ2 is the second largest eigenvalue
of transition probablity matrix of G.
Theorem 4.1.2 Let Ct denote the cover time of iterated heterologous bi-subdivision graphs Gt . Then, for large graphs,
(
)
t
t
∏
∏
Ct = O 2t−1 kn (2i−1 k + 1)log( (2i−1 k + 1)n) ,
i=1

i=1

where n are the number of nodes of initial graph G0 , G0 is a k-regular graph.
Proof: Let σ2t denote the second largest eigenvalue of transition probablity matrix of Gt and λt2 denote the second
smallest eigenvalues of Laplacian matrix of Gt . For a 2t k-regular graph [28], we can obtain the relation 1 − σ2t = λt2 /2t k,
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The relationship of Ct and Nt in double logarithmic coordinates
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Figure 3: The relationship of Ct and Nt in double logarithmic coordinates for the case of G0 is 3-regular graph with 4
nodes and 6 edges.
then the bound of the cover time of Gt can be expressed as
(
)
t Nt logNt
Ct = O 2 k
.
2
∏t
We have Nt = i=1 (2i−1 k + 1)n where G0 is k-regular graph with 4 nodes. And, we have λt2 = 2. 
In Fig.3, we plot the relationship of Ct and Nt in double logarithmic coordinates for the case of the initial graph G0 is
a complete graph with 4 nodes.

4.2

Largest eigenvalue

The largest eigenvalue of L(G) is known as the the Laplacian spectral radius of the graph G. Let λtNt denote the largest
eigenvalue of L(Gt ). The importance of Laplacian spectral radius is attributed to the following two reasons. On the one
hand, it is related to the algebraic connectivity of the complement of G [43] and some graph invariants [44, 45]. On the
other hand, it is used in theoretical chemistry [52], combinatorial optimization [47] and communication networks [48] etc.
Theorem 4.2.1 Let λtNt denote the largest eigenvalue of Laplacian matrix of iterated heterologous bi-subdivision
graphs Gt . Then, for n ≥ 1, we have
λtNt = 2t k + 2,
where the initial graph is k-regular graph.
Proof: Let λ0n denote the largest Laplacian eigenvalue of initial G0 , where G0 is k-regular graph with n nodes. It
is a well-known fact that λ0n ≤ 2k [49]. According to Corollary 3.5.1, λ1N1 is depends by λ0n + 2 or 2k + 2. We have
λ1N1 = λ0n + 2 ≤ 2k + 2. And we have 2t k + 2 ≥ 2t−1 k + 2 + 2 (n ≥ 1) for k ≥ 2. This completes the proof. 
In Fig.4, we plot the the distribution curve of λtN t of Gt in semilog coordinate for the case of the initial graph G0 is
k-regular graph with k = 3, 9, 27.

4.3

Electrical network and resistance distance

For a graph G , we can define an electrical network [50], which is obtained from G by replacing each edge in G with a
unit resistor. In the case without confusion, we also use G to express the electrical network corresponding to graph G .
An important invariant of an electrical network is resistance distance [51]. For a pair of vertices i and j , their resistance
distance R(i, j) is defined to be the potential difference between i and j when a unit current is injected from i to j , which
can be computed according to Ohms law. The sum of resistance distances between all pairs of vertices in G is called its
Kirchhoff index [50], denoted by R(G), namely,
∑
R(G) =
R(i, j).
(3)
1≤i<j≤N
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Figure 4: The distribution curve of λtN t of Gt in semilog coordinate for the case of G0 is k-regular graph with k=3, 9, 27.
It has been shown that [52] the Kirchhoff index of G can be determined in terms of the eigenvalues of L(G).
For a connected graph G with order N ≥ 2,
R(G) = N

N
∑
1
,
λ
i=2 i

where 0 = λ1 < λ2 ≤ λ3 ≤ · · · ≤ λN are the eigenvalues of matrix L(G).
The resistance distance and Kirchhoff index have received considerable attention from the scientific community [53],
since they have extremely useful connection with various fields, for example, random walks.
Let R(Gt ) denote the Kirchhoff index of the iterated heterologous bi-subdivision graphs Gt . This is
R(Gt ) = Nt

Nt
∑
1
.
λt
i=2 i

According to Eq.(1) and Corollary 3.5.1, we can obtain Nt and the eigenvalues of Laplacian. Through computer numerical
simulation, we can calculate R(Gt ) of the iterated heterologous bi-subdivision graphs.
In Fig.5, we plot the distribution curve of R(Gt ) in semilog coordinate for the case of the initial graph G0 is 3-regular
graph with 4 nodes and 6 edges.
The Kirchhoff index not only describes the size of the resistance network, but also reflects the connectivity of the
network. According to Fig.5, we can see the distribution curve of Kirchhoff index of iterated heterologous bi-subdivision
graphs. In the field of chemistry, Kirchhoff index can also be used to describe the structural properties of molecules and
define the topological radius of polymers.

4.4

Consensus analysis

Distributed consensus is a fundamental problem in the context of multi-agent systems and distributed formation control.
The consensus dynamics of multi-agent systems has gained much interest. Patterson and Bamieh proposed two norms
quantifying as network coherence characterized by Laplacian spectrum to measure the deviation from consensus [54].
Firstly, the consensus dynamics of the following system is considered
ẋ(t) = −Lx(t) + ω,
where x(t) = (x1 (t), x2 (t), · · · , xN (t))⊤ denotes the state and subjects of the stochastic disturbances, ω is an N -vector
of zero-mean white noise processes, and L is the Laplacian matrix.
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The distribution curve of R(Gt ) in semilog coordinate
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Figure 5: The distribution curve of R(Gt ) in semilog coordinate for the case of the initial graph G0 is 3-regular graph
with 4 nodes and 6 edges.
Then, the first-order network coherence is defined as the mean steady state variance of the deviation from the average
of all node values, i.e.
HF O

(
)
N
N
1 ∑
1 ∑
:= lim
V ar xi (t) −
xj (t) .
t→∞ N
N j=1
i=1

Let 0 = λ1 < λ2 ≤ . . . ≤ λN be the eigenvalues of Laplacian matrix. We can find that HF O is fully determined by
the Laplacian spectrum of the relationship of [55, 56], the first-order network coherence and Laplacian eigenvalues is as
follows:
HF O =

N
1 ∑ 1
.
2N i=2 λi

And, the second-order network coherence is defined as the mean steady state variance of the deviation from the average
of all vehicle positions. The equation represent as
HSO =

N
1 ∑ 1
.
2N i=2 λ2i

t
Let HFt O and HSO
denote the first- and second-order network coherence of the iterated heterologous bi-subdivision
graphs Gt . That is

HFt O

Nt
1 ∑
1
=
,
2Nt i=2 λti

t
HSO
=

Nt
1
1 ∑
.
2Nt i=2 (λti )2

According to Eq.(1) and Corollary 3.5.1, we can obtain Nt and the eigenvalues of Laplacian. Through computer
t
numerical simulation, we can calculate HFt O and HSO
of the iterated heterologous bi-subdivision graphs.
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The distribution curve of HtFO and HtSO in semilog coordinate
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Figure 6: The distribution curve of HFt O and HSO
in semilog coordinate for the case of the initial graph G0 is 3-regular
graph with 4 nodes and 6 edges.

t
In Fig.6, we plot the distribution curve of HFt O and HSO
in semilog coordinate for the case of the initial graph G0 is
3-regular graph with 4 nodes and 6 edges.
In this subsection, we obtain the scalings of the first and second-order network coherence. The obtained results show
(n)
(n)
that n is bigger, HSO and HF O is smaller. It was surprising that the stability of the graph becomes more and more stable
as the network scale becomes larger.

5

Conclusions

In summary, we first introduced heterologous bi-subdivision graph operation. According to this graph operation, we
constructed iterated heterologous bi-subdivision graphs. Then, we studied the iterated formula of Laplacian eigenvalues
of those model. Then, we gave some applications of Laplacian eigenvalues of iterated models, for example second
smallest and largest eigenvalues, resistance distance, first- and second-order network coherence. Through the analysis of
these variables, we find that the iterated heterologous bi-subdivision graphs have good topological properties and strong
robustness.
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