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Abstract: In this paper, by constructing a class of random variables with a parameter and the mean value of
one, We establish a strong limit theorem for delayed sums of the multivariate functions of such chains using
the Borel-Cantelli lemma.Meanwhile, we will give a strong law of large numbers in the form of moving av-
erage for this Markov model with finite state space.
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1 Introduction

Let G = (V, E) be an undirected graph, wehre V' is the set of vertices and E is the set of edges. We assume that there
is no loop in G, i.e., there is no edge in G which connects a vertex to itself. A tree is a graph 7" which is connected and
contains no circuits. Given any two vertices a # 3 € T. Let a3 be the unique path connecting o and 3. Define the
distance d(«, 8) to be the number of edges contained in the path af3. Select a vertex as the root (denoted by o). For any
two vertices o and t of tree T', we write o < t if o is on the unique path from the root o to . We denote by o A t the vertex
farthest from o satisfying 0 At < tand o At < o. The set of all vertices with distance n from the root o is called the n-th
level of T'. We denote by L,, the set of all vertices on level n (L, = {0}). We denote by L7, to be the set of all vertices
from the mith to nth level of T, specially by 7™ to be the set of all vertices on level 0O (the root o) to level n. Let 1" be
any tree and ¢t € T\ {o}.If a vertex in this tree is on the unique path from the root o to ¢ and is the nearest to ¢, we call it
the predecessor of ¢ and denote it by 1, we also call ¢ a successor of 1;. If the root of a tree has /N neighboring vertices
and other vertices have N + 1 neighboring vertices, we call this type of tree a Cayley tree and denote it by Tc . That is,
for any vertex ¢ of Cayley tree T n, it has N successors on the next level. In this paper,for simplicity, we denote T n
by Ty (see Fig.1). For any vertex ¢ of the tree T, we denote by t1,¢2, .- tV the N successors of ¢, and call them the
first successor, the second successor, and so on, until the Nth successor of ¢, respectively. Let (2, F, P) be a probability
space, and 7" be any tree,{ X;,t € T} be tree indexed stochastic processes defined on (2, F, P). Let A be the subgraph
of T, X4 = {X;,t € A}.We denote by |A| the number of vertices of A, z* the realization of X4.

Benjamini and Peres (1994) gave the definition of tree indexed Markov chain and studied the recurrence and ray-
recurrence for them.Yang and Liu (2000) established the strong law of large numbers for frequency of state occurrence on
Markov chains indexed by a homogenous tree (in fact,it is special case of tree-indexed Markov chains and P PG-invariant
random field). Yang and Liu (2002) studied the strong law of large numbers and entropy ergodic theorem for Markov chain
fields on trees (a particular case of tree-indexed Markov chains and P PG-invariant random field). Yang and Ye (2007) es-
tablished the strong law of large numbers and the entropy ergodic theorem for finite -level non homogeneous Markov
chains indexed by a homogeneous tree. Shi and Yang (2010) studied the AEP for high order nonhomogeneous Markov
chains indexed by a tree.Dang, Yang and Shi (2015) studied the strong law of large numbers and the entropy ergodic theo-
rem for non homogeneous bifurcating Markov chains indexed by a binary tree.Dang(2018) studied the strong law of large
numbers for non homogeneous M-bifurcating Markov chains indexed by a M-branch Cayley tree. Shi,Wang,Zhong,and
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Figure 1: Binary tree T 3

Fan(2021) studied the generalized entropy ergodic theorem for non homogeneous bifurcating Markov chains indexed by
a binary tree.

Inspired by Shi,Wang,et.al(2021) a strong law of large numbers for nonhomogeneous bifurcating Markov chains
indexed by a binary branch tree.l study nonhomogeneous N-bifurcating Markov chains indexed by a N-branch tree by
using a similar thought,and generalize the relate results of Shi,Wang,et.al(2021) and Dang(2018).

2 Definitions and Main Results

Definition 1 (Dang, 2018) Let Ty be a N branch Cayley tree, S be a countable state pace, and {X;,t € Tn} be a
collection of S-valued random variables defined on probability space (2, F ,P). Let

p=A{p(z),z €S} (D
be a distribution on S, and
Pr={Pi(y1,y2, - yn | 2)}, T,y1,y2,-.,yn €5, t€Tn (2)
be a collection of stochastic matrices (that is, Pi(y1,--- ,yn | x) >0, Yy1,....,yn,z € S and

> Pi(y1,..,yn |2) =1, Vz € S)on S x SN. Ifvn > 1,
(Y1, yn)ESN

P (XLW, — an XTM?I) = xT(nil)) = H Pt (Z‘tl,l‘tz, cery IyN ‘ .%‘t), (3)
tELp_1
and
P(X,=x2)=p(x), VzeSs. 4)

{X¢,t € Tn} will be called S-valued nonhomogeneous N bifurcating Markov chains indexed by a N branch Cayley tree
TN with the initial distribution (1) and transition matrices (2).

Let S = {0,1,---,b — 1} be a finite state space, {X;,¢ € Ty} be a S-valued nonhomogeneous N bifurcating
Markov chains indexed by a IV branch Cayley tree defined as before. For Vk € S, let Sk(LZZH’(n)) be the number of
k in set of random variables {X;,t € LZ;+¢(”>}, and Sk (L, ) be the number of & in set of random variables { X3, ¢ €
L., }, S,i(LZZ+¢(")_1) be the number of k in set of random variables { X;: = k,t € LZ:+¢(”)_1},i =1,2,---, N, that
is,

Si(Lgn ™) = [{t € Lgn**™ - X, =k},
Sk(La,) = {t € La, : Xy = K},
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and
Sp(Lantem =1y = |{t € LanT¢M=1: X,y = k}|, i=1,2,---,N.

It is easy to see that

Sp(Lgntety = 3" LX), )

tELZﬁ +¢(n)

Se(La,) = > In(Xy), (6)
t€L,,
S}’i(ng+¢(")—1) = Z Ik?(Xti)a 22172a 7N7 (7)
tengJrM")*l
and
N
S(Lgn o) =3 " S (Lar M=) 4 Sy (L), (8)
=1
where
. 1, =k,
no={ g 12k ©

We will give a strong law of large numbers in the form of moving average for this Markov model with finite state space.

Theorem 1 Let S = {0,1,--- ,b — 1} be a finite state space, and {X,t € Tn} be a S-valued N bifurcating Markov
chains indexed by a N branch Cayley tree T with stochastic matrices { P, t € T} defined by Definition 1, S, (L32+¢("))

be defined by (5). Let P = {P(yl,yg, e 7y]\f\x)}7:1:7y1,y27 -« yn € S be another stochastic matrix, and let
N
Pi(yilz) = > Py,y2, - ynlz), P, = {Pi(ylx)}, i = 1,2,--- ,N. Let Q = = Y. P, and assume that the

y; i i=1
transition matrix Q) is ergodic. Let {a,,n > 0} and {¢(n),n > 0} be two nonnegative integer sequences such that for
any positive integers n, m,

o(m~+n) — d(n) > m. (10)
IfV,y1,y2,-- YN €5,
Jdim Y By ywle) = Py gz, ynlz)| =0, (1
teT(n—1)
then
St
nh—{r;o W = 7T(k') a.e. Vk € S, (12)
where m = {m(0),w(1),--- ,w(b— 1)} is the unique stationary distribution determined by the transition matrix Q.

The proof of the above theorem will be given in Section 3.
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3 The Proofs

Before providing the proofs of the main results in Section 2, we begin with some lemmas.

Lemmal Let Ty be a N branch Cayley tree, and S be a countable state space. Assuming that {X;,t € Tn} be a
S-valued N bifurcating nonhomogeneous Markov chain indexed by a N branch Cayley tree T defined by Definition
1, and {g¢(x, 31,92, - ,yn),t € TN} be a collection of functions defined on GNT'. Suppose that Ia > 0, s.t.
BEle?l9e(Xe. X X2 X)) < 00, Vt € Ty, Let {an,n > 0} and {¢p(n),n > 0} be two sequences of nonnegative
integers such that ¢(n) converges to infinity as n — oo. Assume that for some € > 0,

> exp(—|Lgr M e) < oo (13)
n=1
Let
Hop o)) = Y g(Xe, X0, Xpp, oo, Xyw), (14)
tengJrab(n)*l
and

Ganom@) = > Elg(Xe, Xp, Xp2, -+, Xyn)| Xy (15)

teLg:iJr(b(%)*l

Let o > 0, and set

D(a) = {w : lim sup

n—oo

Z E{g?(Xthtl,th,---7XtN).

an+é(n)
tel, ™y

|Lgn+¢(n)‘
98 (X6, X1, X 2,0+ 7XtN)|‘Xt:| = M(q;w) < oo} (16)
Then we have

hm Hamqﬁ(n) (w) - Ganﬂb(n) ((.A.))
n—00 ‘Lg7z+¢7(") ‘

=0 ae we€ D). (17)

Proof The proof of this theorem is similar to that of Lemma 1 of Shi,Wang,et.al(2021),so it is omitted here.

Lemma 2 (Shi,Wang,et.al,2021) Let Tx be a N branch Cayley tree, {a,,n > 0} and {¢(n),n > 0} defined as in
Lemma 1. Let {as,t € T} be a collection of real numbers, and a be a real number. If

_ 1
nlgr;ow > ar—al=0, (18)
N Tier(h
then
1
lim ——— > o, —a|=0. (19)

n— 00 |Lgn+¢(n) |
n tGLZZ‘HP(")*l
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Now, we present the proof of Theorem 1 as follows.

Proof of Theorem 1 It is easy to see from (11) that lim ¢(n) = oo and (13) is satisfied. By (12) and Lemma 2,
n—oo

we have

. 1
lim T anté(n), Z |Pt(y17y27"' aytN|$> - P<y173/2>"' aytN|m>‘ =0. (20)

n—00 ‘La |
n tEL:Z +¢(n)—1

Let g¢(z,y1,92, - ,yn) = Irx(y1) in Lemma 1. Obviously, {g:(x,y1,y2, - ,yn),t € T} are uniformly bounded.
Since

Hoppm(@) = Y I(Xp) = SH(Lgntot=h), @1
teLgZerb(n)*l
and
Gamaﬁ(n)(w) = Z Blge(Xe, Xpn, Xiz, oo+, Xyw ) [ X
tepante(m—1
= Z Z gt(Xt7.’L't17-'L't27"' 7xtN>Pt(xt17xt27"' 7th|Xt)

teLZﬁ*‘b(")*l (z41,2,2, @, N)ESN

= > > Iy(zp) Po(mp, wgz, - x| Xy). (22)

teLZ;ﬁ‘z’(”)’l (z41,2,2, w, N )ESN

From Lemma 1, we have

1
lim ——— e { S (Le o)

n—»o00 |LZ:+¢(”)| n

— Z Z I(xp)) Pz, w42, - - 7xtN|Xt)} =0 a.e.. (23)

tergnt M=t (@m0, m N )ESY

From (20), it can be easily verified that

. 1
Jm e 2 > hew)Plenze, e wen X
|Lan | teng+¢(n)*1 (mtlvth’“"th)esN

— Z Z Ik(l‘tl)P(LL'tl,LL’tz,--- 7.'1,'tN‘Xt>} =0.

terent o=t (zy1,m,2, @, N )ESN

(24)

Since > P(zp,xpe, - xn | Xy) = Pr(xp | Xy), so

(%2, 2, N)ESN L

> > I(@p) Pz, 22, - 2w | Xe)

teLZ?;J"b(")_l (xy1,2,2,,x,Nn)ESN
= > Py (k| X¢)
teLg:er”)*l

b—1

= Z ZII(Xt)Pl(k”)

teLgZJﬂﬁ(n)*l =0

b—1
= > Pi(k|D)Sy(Len T, (25)
=0

1JNS email for contribution: editor@nonlinearscience.org.uk



X. Zhu : The Strong Limit Theorem for Nonhomogeneous N-Bifurcating Markov Chains Indexed by a N-Branch Cayley Tree 35

By (23), (24) and (25), we have

b—1
Tim. ID‘”“’")I{S L(Lantem-1) ZZPl(k|l)Sl(ng+¢(")‘1)} =0 ae. (26)
=0

Let g¢(z, y1,92,- - ,y~n) = Ir(y;),j = 2,--- , N in Lemma I, similarly, we obtain that

b—1

: 1 a n a n)— N
HILWW{S (Lgn+otm=t) - ;Pj(kU)SI(LaZM( ) 1)} =0 ae, j=2,---,N. (27
-0

Adding (26) and (27), and noticing that
Sk(Lan) < 1 ‘ an| . Nn

0< lim —F\Zan) B L A T S
= 5o |Lan o) = nlo | panto(m| ~ nboe Nen(Ne(D —1)
. ‘La“'+¢n)| 1
nh—{{lom N,andQ:ﬁ(Pl—‘rpg—‘r+PN)By(10),WehaVe
(o) L g pawretn-1
nll)rrolo {;W)n)l) — Z Q(k”)w =0 a.e.. (28)

Letting ¢'(n) = ¢(n) — 1, it is easy to see that {¢’(n),n > 0} also satisfies (13). Using the same argument as that used
to derive (28), we can prove that

. Sk(Lan+¢(n) b—1 (Lan+¢(n)—2)
lim { —————= Q) —————=—==7,=0 ae. 29)
n—>oo{ |L an+¢(n)— — |L an+¢(n)— 2|
Multiplying the k-th equality of (29) by Q(;j |k:), adding them together and using (28), we have
b—1 an+¢(n)—1 b—1 b— an+¢(n)
. Sk(Lan ) an ) .
0 = nll)n;o Z an+o(n)— 1 ZZ i rante(n)—2, (kll)Q(‘7|k)
k=0 |Lan k=0 1=0 |Lan ?|
b—1 an n)—1 a'n, n
—  lim Z—Sk@anw( ) Jqulky - Zitlen ) )
e | i e 1| ’ |Laz )
S (Lan+¢(” b—1b S Lan+¢'(n) 2)
+ Ji o QUEDQ[k)
‘Lan"!‘d’ =0 1=o |Lan+¢'(n) 2‘
' S; (Lo bl g ,L+¢(n) 2) o
= Jm lm lz; | Lan+¢<n> "oz @0 aes (30)

where Q) (j|1) is the h-step transition probability determined by Q. By induction, we have

an+ n b—1 an-&- n)—h
Noticing that
|LZ:+¢><n) 0 ZSl (Lo =1, (32)
and
Jim QW (i) =7(j), je€S. (33)

(12) follows from (31), (32) and (33).
This completes the proof of Theorem 1. [
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